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Preface 



These notes are based on six-week lectures given at T.I.F.R. Centre, In- 
dian Institute of Science, Bangalore, during February to April, 1983. 
My main purpose in these lectures was to study solutions of stochastic 
differential equations as Wiener functionals and apply to them some infi- 
nite dimensional functional analysis. This idea was due to P. Malliavin. 
In the first part, I gave a calculus for Wiener functionals, which may 
be of some independent interest. In the second part, an application of 
this calculus to solutions of stochastic differential equations is given, the 
main results of which are due to Malliavin, Kusuoka and Stroock. I had 
no time to consider another approach due to Bismut, in which more ap- 
plications to filtering theory and the regularity of boundary semigroups 
of diffusions are discussed. 

I would like to thank M. Gopalan Nair and B. Rajeev for their efforts 
in completing these notes. Also I would like to express my gratitude to 
Professor K.G. Ramanathan and T.I.F.R. for giving me this opportunity 
to visit India. 



S. Watanabe 



V 



Introduction 



Let Wg be the space of all continuous functions w = (w k (t)) r k=l from 1 
[o, T] to M. r , which vanish at zero. Under the supremum norm, Wg is a 
Banach space. Let P be the r-dimensional Wiener measure on W' a . The 
pair (Wg, P) is usually called (r-dimensional) Wiener space. 

Let A be a second order differential operator on R d of the following 
form: 

1 ^ ,, d 2 ^ , d 
A = 2^ X) 8^ + ^ b ^ +C ^ (ai) 

ij=l i=l 

where a l] (x)) > 0, i.e., non-negative definite and symmetric. 
Now, let 

r 

a ij (x) - ^ ffiW^W 
fc=i 

and consider the stochastic differential equation 

r 

d x \t) = V o-^(X(0)^(?) + b\X(t)dt, i = 1 , 2, . . . , d, (0.2) 

k=\ 

X(o) - x, 

We know if the coefficients are sufficiently smooth, a unique solution 
exists for the above S DE and a global solution exists if the coefficients 
have bounded derivative. 

Let X(t, x, w) be the solution of d0.2l >. Then t — » X(t, x, w) is a 
sample path of A (J -diffusion process, where A Q = A - c(x). The map 
x — > X(t, x, w), for fixed t and w from R rf to R d is a diffeomorphism 
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Introduction 



(stochastic flow of diffeomorphisms), if the coefficient are sufficiently 2 
smooth. And the map w — > X(t, x, w), for fixed t and x, is a Wiener 
functional, i.e., a measurable function from W„ to M. d . 
Consider the following integral on the Wiener space: 

vr 



u(t, x) 



exp 



J 



c(X(j, x, ^ x, w)) 



(0.3) 



where both / and c are smooth functions on R d with polynomial growth 
order and c(x) < M < oo. Then u(t, x) satisfies 



du 

u\t=o = f 



(0.4) 



and any solution of this initial value problem (10.4ft with polynomial 
growth order coincides with u(t, x) given by (10.3ft . 

Suppose we take formally f(x) = 5 y (x), the Dirac 5-function at yeR d 
and set 



p(t,x,y) = E 
then we would have 



exp < I c(X(s, x, w))ds ) 5 y (X(t, x, w)) 



(0.5) 



u(t, x) 



J p(t,x, 



y)f(y)dy 



and pit, x,y) would be the fundamental solution of (10.4ft . (10. 5t is thus a 
formal expression for the fundamental solution of (10.4ft . often used in- 
tuitively, but 6 y (X(t, x, w)) has no meaning as a Wiener functional. The 
purpose of these lectures is to give a correct mathematical meaning to 
the formal expression 6 y (t, x, w)) by using concepts like 'integration by 
parts on Wiener space', so that the existence and smoothness of the fun- 
damental solution, or the transition probability density for (10.3ft . can be 
assured through ( 10.5ft . This is a way of presenting Malliavin's calcu- 
lus, an infinite dimensional differential calculus, introduced by Malli- 
avin with the purpose of applications to problems of partial differential 
equations like ( 10.4ft . 



Contents 



Introduction! vii 



1 Calculus of Wiener Functional 




1.1 Abstract Wiener Soacd 


1 .2 Einstein-Uhlenbeck Operators and Semiaroups! 


1.3 Sobolev Spaces over the Wiener Spaed 


1 .4 Composites of Wiener Functionals 


1.5 The Smoothness of Probability Laws! 



2 


ADDlications to Stochastic Differential Eauationsl 




2.1 Solutions of Stochastic Differential Eauations 




2.2 Existence of moments for a class of Wiener Functionals! . 




2.3 Regularity of Transition Probabilities! 



ix 



Chapter 1 



Calculus of Wiener 
Functionals 

1.1 Abstract Wiener Space 

Let Wbea separable Banach space and let B(W) be the Borel field, i.e., 5 
topological cr-field. Let W be the dual of W. 

Definition 1.1. A probability measure p on (W, B(W)) is said to be a 

Gaussian measure if the following is satisfied: 

* 

For every n and . . . ,l n in W, €\{W), ^(W), . . . , l n {w), as ran- 

dom variables on (W, B(W),p) are Gaussian distributed i.e., 3 V = 
(vjj)", 7 = 1 and me ' " such that (vtj) > and symmetric and for ev- 
ery c - (ci,C2,...,c n )eW, 

J"exp |^ V^Tc,^(w)| p(dw) = exp j V^l < m, c > < Vc, c> j 

where < .,. > denotes the W 1 -inner product. 

We say that p is a mean zero Gaussian measure if m = 0, or equiva- 
lently, 

J £{w)p{dw) = for every £eW. 

w 



1 
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1 . Calculus of Wiener Functional 



Let S(ji) denote the support of fj.. For Gaussian measure, S(ji) is a 
closed linear subspace of W and hence without loss of generality, we 
can assume SQj.) = W (otherwise, we can restrict the analysis to S(p)). 

6 Theorem 1.1. Given a mean zero Gaussian measure p on (W, B(W)), 
there exists a unique separable Hilbert space H c W such that the 
inclusion map i: H — > W is continuous, i(H) is dense in W and 

fe^%(dw) = e-^ (1.1) 
w 

where \.\h denotes the Hilbert space H-norm. 

Remark 1. H c W implies W c H * = H and for heH, £eW, £{h) is 
given by £{h) =<£,h> H . 

Remark 2. Condition ALII ) is equivalent to 

J €iyv)€\w)n{dw) =< £,(' > H for every 1,1' eW. (1.1)' 
w 

Remark 3. The triple (W, H,/j) is called an abstract Wiener space. 

Sketch of proof of Theorem II. U Uniqueness follows from the the fact 
that// = W* U ". 

Existence: By definition of Gaussian measure, W c L2(/i). Let H be 

* * ~ 

the completion of W under L2-norm. Let j : W5€ — > £(w)eH; then j 

is one-one linear, continuous and has dense range. The continuity of j 

follows from the fact that (Fernique's theorem): there exists a > o such 

that 

J e ahvf n{dw) < oo. 
w 

Now consider j* , the dual map of j, 



j* :H* =H -> W** D W. 



1.1. Abstract Wiener Space 
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It can be shown that j*(H) c to. Take H = j*(H) and for /, h in H, 



define 



<f,h >=< f,h> where / = /(/), A = /(ft). 



Example 1.1 (Wiener space). Let W - W r and : r- dimensional 
Wiener measure. 

H - {h - (h'(t)) r i=1 eWg : h\t) are absolutely continuous on [o, T] 
with square integrable derivative h'(t), 1 < i < r) 

For /i = {h\t)) r i=v g = (g\t)) r i=l , define the inner product 



Then H is a separable Hilbert space and {W,H,jj) is an abstract 
Wiener space which is called r-dimensional Wiener space. 

Example 1.2. Let / be a compact interval in W 1 and 



where k'->(x,y)eC 2m (I x /), and satisfies the following conditions: 
(i) k ij (x,y) = k ij (y,x) V x,yel 1 < i,j < r. 



(ii) For any c^eR, i - 1, w, • • • , r, k - 1, 2, . . . ,n, neN, 21 Z ^ 




- {k l] {x,y))\ 



n 



r 



k,{=\ i,j=l 



(x k , x t )c ik Cj t > 0, V x k el, k - 1, 2, . . . , n. 



(iii) for \a\ - m, there exists o < 6 < 1 and c > o such that 



J] [£ (a) "(x, x) + Ar (Q,) "(j,3;) - 2k (a)ii (x,y)] < c\x - y\ 



where 



& )i Kxy)^D a x D a y k i Kx,y). 
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1 . Calculus of Wiener Functional 



(As usual, a - (a\,a2, ■ ■ ■ , ad) is a multi-index, |or| = a>\ + ■ ■ ■ + 

and 

d|a| 



SPxi - d"x d 



Now, for feC m (I -> R r ), f = (f , f , . . . , f), define 



where 



Let 



\\m,e = J Z l|Da/!|le ' 

1=1 \a\<m 



ufiu lft !/'"(*) - /''(y)i 

||/ || e = max |/ (x)| + sup — ■ — 

*d x*y \x - y\ £ 

x.yel 



-> R r ) = { we C m (I -» R r ) : ||w|L, e < oo}. 
W = (C m ' £ , ||.|| m>e ) is a Banach space. 



Fact. For any e, o < e < 6, 3 a mean zero Gaussian measure on W such 
that 

/*y w *)=%*;=u , 

w 

Then by theorem fTTTI it follows that there exists a Hilbert space H c 
W such that (W, H,/u) is an abstract Wiener space. In this case, H is the 
reproducing kernel Hilbert space associated with the kernel K, which is 
defined as follows: 

For x = Oi, X2, ■ ■ ■ , x n ) , x k el, A = {Ay , A 2 , . . . , A n ), 

Ak = (4)- = i 6r ' define w ixM = (W l lxM (y))U 

r n 

by ^toiCy) = ZZ* i ^' J * ) 4. 

7=1 k=l 

and let 5 - {w [x jy : x - (xi, xi, . . . , x n ), x k el, A - (A\,..., A n ), 
A k = (A i k ) r r=l eM. r and neM) . 



1.2. Einstein-Uhlenbeck Operators and Semigroups 
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For W[ xM , W y , v eS, when x - (x\, x 2 , . . . ,x ni ), A - {A u . . . ,A ni ), 
y - (yi , . . . , y n2 ), v - (v, . . . , v„ 2 ), define the inner product by 

< W [xJ] , W x , v >= 2 Z Z ^(x^ye)^; 
k=\ e=i ij=i 

then (5, <.,.>) is an inner product space and the reproducing kernel 
Hilbert space H is the completion of S under this inner product. 

1.2 Einstein-Uhlenbeck Operators and Semigroups 

Let (W, H, /j) be an abstract Wiener space and (S , B(S )) a measurable 
space. A map x : W — > S is called an S -valued Wiener functional, if 
it is 5(W)|B(5')-measurable. Two S -valued Wiener functional x,y are 
said to be equal and denoted by x - y if x(w) - y(w) a.a.w (//). For the 
moment, we consider mainly the case S =R. 

Notation L p = L P (W, B(W),fi), 1 < p < oo. 10 

Definition 1.2. F : W — > R is a polynomial, if 3 neN and l\,t2,..., 
( n eW and p(x\, . . ., x„), a real polynomial in n variables such that 

F{w) = P mw), h(yv), Uw)) V weW. 

In this expression of F, we can always assume that K;}" =1 is an ONS 
in the sense defined below. We define degree (F) - degree (P) which is 
clearly independent of the choice of {^-}. We denote by V the set of such 
polynomial and by f n the set of polynomial of degree < n. 

Fact. V c L p ,l < p < oo and the inclusion is dense 

Definition 1.3. A finite or infinite collection of elements in W is said 
to be an orthonormal system (ONS) if < iut-j >h- It is said to be 
an orthonormal basis (ONB) if it is an ONS and Ufuh, ■ ■ -) Uh = H, 
where L(f\ , €2, ■ ■ -) is the linear span of(l\ ,£2,.. .). 
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1 . Calculus of Wiener Functionals 



Decomposition of L^: We now represent L2 as an infinite direct sum of 
subspaces and this decomposition is called the Wiener-Chaos decompo- 
sition or the Wiener-Ito decomposition. 
Let C = { constants } 

Suppose C () , C\ , . . . , C„_i are defined. Then we define C n as follows: 

c n = Pl l|L2 e[C ©Ci©---©c„_i] 

11 i.e., C n is the orthogonal complement of C © • • • © C n -\ in P n \\ \\Li. 
Since V is dense in L2, it follows that 

L 2 = C © C\ ■ ■ ■ © C n © • • • 

Hermite Polynomials: The Hermite polynomials are defined as 

^) = ^ /2 4- l2/2 ),n = 0,l,2 > ... 
«! dx 11 

They have the following properties: 

1. H (x) = 1 

00 

2. 2 - e'C /2)+tx 

n=o 

4. / H n (x)H m (x)-±=e-*l 2 dx - -U„, m . 
r V(Erj «! 

Let A = {a - (a\, ai, ■ ■ ■ )l cii ez + , a; = expect for a finite numbers 
of i's}. 

For aeA, a\ = Fife!), M - Z a/. Let us fix an ONB(t u h, • • •) in W. 
Then for aeA, we define 

00 

(=1 

Since H„(x) = 1 and a; = expect for a finite number of i's, the 
above product is well defined. We note that H a (.)eP n if \a\ < n. 



1.2. Einstein-Uhlenbeck Operators and Semigroups 
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12 Proposition 1.2. (i) { ^/a\H a (w) : ae\} is an ONB in L 2 . 

(ii) | y/alH a (w) : aeA, \a\ = «} is an ONB in C n . 

Proof. Since {£} is an 6WB in W, {£(»} are A^(O.l), /./.J. random 
variables on W. Therefore, 

J H a {w)H b {w)n{dw) = f] / n ai {Uw))H bi (Uyv))n(dw) 

IJ7 * = 1 W 



i = 1 TO 



)H b; {x)-±=e-^ l2 dx 
V(2tt) 



r-r 1 1 

A .A a,! a! 

Since f is dense in L2, the system j yfa~\H a {w); aeA} is complete in L 2 . 

□ 

Let /„ denote the orthogonal projection from L 2 to C n . Then for 
FeL 2 , we have F = £ JnF. In particular, if FeP, then the above sum is 

n 

finite and J n FeP, V «. 

Definition 1.4. 77ie function F : W — > R is sa/c? to Z>e a smooth func- 

* 

tional, if 3 neN, £1^2, • • • > ^n^W, and f eC™ (W 1 ), with polynomial growth 
order of all derivatives of f, such that 

F{w) = f(£i(w), € 2 {w), . . . V weW. 

We denote by S the class of all smooth functional on W. 

Definition 1.5. For F(w)eS and t > o, We define (T t F)(w) as follows: 13 

{T t F){w) = J F{e-'w + V(l - e~ 2t )u)p{du) (1.2) 
w 



8 1. Calculus of Wiener Functionals 

Note (i): If FeS is given by 

F(w) = m(w), . . . 4(w)),/eC°°(R") 

for some ONS ...£„} <zW, then 

(T t F)(w) = f fte-'t + V(l - e- 2? )^)— ^e- (l " |2)/2 J77 (1.3) 
J ( vSr)" 



where £ - (£i(w), • • • * 4(w))dR". 



Note (ii): The above definition can be also be used to define T t F when 

Properties of T t F: 

(i) FeS => T t FeS 

(ii) FeP => T f FelP 

(iii) For/,G£<S 

J (T t F)(w)G(w)n(dw) = J F{w){T,G)(w)n(dw) 
w w 

(iv) T t+s F(w) = T t {T s F){w) 

(v) If FeS, F = 2 then 



T t F = Yj e ~ nt Vn F ) 



(vi) T ? is a contraction on L p , 1 < < oo. 

14 Proo/ (i) and (ii) are trivial and (iii) and (iv) follow easily from (v). 
Hence we prove only (v) and (vi). □ 



1.2. Einstein-Uhlenbeck Operators and Semigroups 

Proof of (v): LeUe Wand 

F{ W ) = E^~ l £{w)+ l -\£\ 2 H . 

Then 

T t F(w) = J~ exp | V-fe _ ^(w) + V-FVC 1 - e~ 2t )£(u) + j\A 2 H n{du) 
w 

= e^e-'£{w) + X -\t\\ J e^VCl - e- 2t Y{u)^du) 
w 

Let 

£ - iiA + • • • + ^Ijv^at, {£i\? =1 an ONS . 

Let 

F(w) = e^£(w) + ^\£\ 2 H . 

Then 



!=1 



: ^ ( V^Liir • • • ( V^T^) m ~ x H m {em) ■ ■ ■ H mN (Mw)). 

mi,...,mjv=0 

Applying T f to both sides of the above equation, we have 
e *V'*(w) + -e 2, \{\ 2 H = T t F(w) = £ ( V^LlO"" ■ • ■ ( V^) m " 

f]tf m ,.(£(.)) (w). 



mi,...mjv=0 

XT, 



V i=l 
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1 . Calculus of Wiener Functional 



Hence 



( n 



N 



| //,»(',<•» (w) - We-^H^w)) 
(= 1 / i= l 

AT AT 

=^Z mi n^ ( ^ )(w)) 



(=1 !=1 



implies 

(T t H a )(w) = e-W'H a (w). 
If PeP, then F - Y^ n JnF where J n FeC n . Then since 

| ^Ta\H a (w) : aeA, |a| - «} 

is an CWB for C„, we finally have 

{T t F){w) = Y j e~ nt {JnF){w). 



Proof of (vi): Let P t (w,du) denote the image measure n o (f> ^ of the 

map f w : W — > W 



= e 'w + V(l - e )m. 



Then 



(T t F)(w) 



= J Pt(w, 



du)F(u), FeL„ 



First let F be a bounded Borel function on W. Then F eL p and 



KW W 



< 



dw)F( M )|^(rfw) I 



=< i,W| p ) > L2 



1.2. Einstein-Uhlenbeck Operators and Semigroups 
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=<1,|F| P >i2 (v T t \ = 1) 
- ||F||£. 

Hence ||r,F||x, < holds for any bounded Borel function F. 

In the general case, for any F e L p , we choose F n , bounded Borel 
functions, such that F n — > F in L p . Then 

\\T,F n \\ h < \\F n \\ Lp V n, 
=> \\T t F\\ Lp < \\F\\ Lp . 

Actually T, has a stronger contraction known as hyper-contractivity: 

Theorem 1.3 (Nelson). Let 1 < p < oo,t > and q(t) = e 2t (p - 1) + 1 > 
p. Then for F eL q ( t ), 

\\T t F\\ q(t) < \\F\\ p . 

Remark. The semigroup {T t : t > o] is called the Ornstein - Uhlenbeck 
Semigroup. 

Some Consequence of the Hyper-Contractivity: 17 

1) J n : L2 — > C n is a bounded operator on L p , 1 < p < 00. 

Proof. Let p > 2. Choose ? such that e 2t + 1 = /?.Then by Nelson's 
theorem, we have 

\\T t F\\ p < \\F\\ 2 . 

In particular 

\\T t J„F\\ p < \\J n F\\ 2 < \\F\\ 2 < \\F\\ p . 

But 

\\T t J n F\\ p = e- nt \\JnF\\ p ; 

hence 

\\JnF\\ p < e nt \\F\\ p . 
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1. Calculus of Wiener Functional 



For 1 < p < 2, Considering the dual map J* of J n and applying 
the previous case, we get 

\\KF\\ p < e nt \\F\\ p . 



But, for F e P, J* = J n . Hence, by denseness of p, the results 
follows. 

2) Let V n = Co © . . . Ci © C n (V n are called Wiener chaos of order n). 
Then, for every 1 < p,q < oo, ||.|| p and ||.||p are equivalent on V n , 
i.e., for every F € V„, 3 C p ^ n > such that 

\\F\\ q < C M JF\\ p . 

18 In particular, for F e V n , \\F\\ p < oo, 1 < p < oo. 

Proo/ Easy and omitted. □ 

Definition 1.6 (Ornstein-Uhlenbeck Operator). We define the generator 
L of the semigroup T t , which is called Ornstein-Uhlenbeck Operator, as 
follows: 

For FeP, define 

L(F) = jT t F\ t=Q = J](-n)JnF. 

n 

Note that L maps polynomials into polynomials. L can also be ex- 
tended, as an operator on Lp, as the infinitesimal generator of a contrac- 
tion semigroup on Lp. The extension of L will be given in later sections. 
In particular, for L2, let 

D(L) = |f6L 2 : J] \\J n F\\ 2 2 < co j 

and for FeD(L), define 

L(F) = Yji-WnF 

n 

In it easily seen that L is a self-adjoint operator on 



1.2. Einstein-Uhlenbeck Operators and Semigroups 
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Definition 1.7 (Frechet derivative). For FeP and weW, define 

OF 

DF(w)(u) = — (w + tu)\ t=0 V ueW. 
ot 

For each weW, DF(w), which is called the Frechet derivative ofF at 
w, is a continuous linear functional on W i.e., 

DF(w)eW. More precisely, DF(w) is given as follows: 19 

Let [€{} be an ONS is W and F - p(£i(w), 4(w)), then 

n 

DF(w)(u) = J] . . . , 4(w)).« M ), 

i=i 

which we can also write as 

n 

i=\ 

For FeP, the Frechet derivative at w of order k > 1 is defined as 

D k F(w)(ui,u 2 , ...,u k ) = — — —F(w + t\u\ + ■ ■ ■ + t k u k )\t l= .=t k =o 

ot\..ot k 

for uteW, 1 < i < k. 
Explicitly, if F(w) - p{C\{w), („{w))), then 



n n 



D k F(w) = J] " Z 5 " ' 5,2 ' ' ' WiW- ^ w )' • • • • '"W))- X 4 ® - ® 4 

'1 = 1 4=1 

where 

4 ® .. ® £ ik (ui,u 2 , ...,u k ) = € h {u\), { ik (u k ). 

* * 

Note that for each w, D k F(w)e where 

/: times 



* * A 

W 8) • • • ® W = ^ V : Wx • • • xW — > R|V is multilinear and continuous | 

i: times ( k times 
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1 . Calculus of Wiener Functional 



Definition 1.8 (Trace Operator). Let {h t } be an ONB in H. For VeW®W 
we define the trace of V with respect to H, denoted as traceuV by 



trace hV - ^ V(/z,-,/i,). 



i=l 



Note that the definition is independent of the choice of ONB and 
for VeW ® W, trace// V exists and trace//(.) is a continuous function on 



* * 
W® W. 



Remark. For €uheW, 

trace H t\ ® h = ^ £iWz(M = 2<A,*i >H< ^ ki >H 

i i 

=< >h ■ 
Theorem 1.4. If FeP, then 

LF(w) = trace H D 2 F (w) - DF (w) (w), for weW. (1.3) 

Proof Let {^,£>, . . . ,4} be an ONS in W and 

F(w) = p(A(w), fc(w), . . - , 4(w)). □ 
By the remark, we see that 

n 

RHS of D = J] dApiUw), 4(w)) 

-^WiW WW 

i=i 

Now let £ = (^i(w), . . . , 4(w)), then 
^F(w) - | f pCe-'t + V(l - e- 2f )n)(27r)-"/ 2 e z ^J7 7 



1.2. Einstein-Uhlenbeck Operators and Semigroups 
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= - J J ^'WiP^t + V(l - e- 2t )n){2nT nl2 e^dn 

R" ' =1 
R" (_1 

- f 2 e -^( e -^ + V(l-e- 2 0n)(27r)-^ 2 ^^ 

R» i=1 
R" (=1 

21 

Integrating the second expression by parts, we get 

, n ft 

-T f F(w) - - ^ ^e-'T t (d iP )(0 + £ e- 2 %(d 2 P )^. 

" f i=l i=l 



Hence we have 



LF(w) = lim — r r F(w) - mS. 



□ 



Definition 1.9 (Operator 5). Lef P . be f/ie totality of functions F(w) : 

w 

* 

W — > W which can be expressed in the form 

n 

F(w) = J]F i (w)£ i 

i=l 

* * 

/or some neN, €i€iW and Fi(w)ep, i = l,2,...,n. FeP « is called a W- 

w 

valued polynomial. The linear operator 5 : P - — > P\y is defined as 

w 

follows: 

* 

Let i\,i2,...,i n ,i e Wand 
F(w)= P (t l (w),...J n (w))t. 
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Define 

n 

8F{w) = ^ d iP (l(w), Uw)) < lu t >h -P(ti(w), Uw))t{w) 
i=\ 

and extend the definition to every FePw* by linearity. 

Proposition 1.5. (i) For every Fep, 8{DF) - LF. More generally if 
F\,F 2 ep, then 

6{F l .DF 2 ) =< DF U DF 2 > H +F l .L{F 2 ). (1.4) 

( ii) (Formula for integration by parts) 
In FeP and GePw*, then 

J <G,DF > H (w)n(dw) = - J SG(w)F(w)n(dw) (1.5) 
w w 
which says that 6 = -D*. 

Proof, (i) follows easily from definitions, (ii) We may assume 

G(w) = p(A(w), . . . , l n (w))l F(w) = qiixiw), l n {w)) 

where {£} is ONS in W. Then 

n 

< G, DF > H = J^(di q)p < it, £ > H 

n 

6G.F = j^dt p).q < lu I > H -p-q £(w). □ 
i=l 

So we have to prove that 

f ^ nid iq tf)).ptf) < € u £ >h e'-^df 



ran f-i 



Hfl 2 

p(t))q(t) < 4 I >H -P({)q(0 < lu I > €i] e—d% 



R" 

which follows immediately by integrating the LHS by parts 



1.3. Sobolev Spaces over the Wiener Space 



17 



Proposition 1.6 (Chain rule). Let P(t[ ,...,?„) be a polynomial and 
FieP, for i = 1,2,..., n. Let F = P(F\ ,F 2 ... F n )eP. Then 

n 

DF(w) = ^ diPiF.iw), F 2 (w), F n (w)).DFi(w) 
i=\ 

and 

n 

LF(w) = ^ didjPiF.iw), F n (w)). < DFiDFj > H 

n 

+ ^ d«/Ww)m . . . , F n (w)) x LF,(w). 
TVoo/ Easy. □ 

1.3 Sobolev Spaces over the Wiener Space 

Definition 1.10. Let Fep, 1 < p < <x>, -oo < s < oo. Then 
\\F\\ P , S = ||(/ - LY /2 F\\ p 

where 

CO 

(7 - L) sj2 F = ^(1 + n) sl2 J n FeP. 

n=0 

Proposition 1.7. (i) If p < p' and s < s', then 24 

11*11,,, < \\F\\^ V Fep. 

(ii) V 1 < p < oo, -oo < s < oo, ||.||p jiS are compatible in the sense that 
if for any (p, s), (p', s') and F n ep, n = 0, 1, 2, ... , ||F ra || Ai — > and 
\\F n - F m \\p> tS > — > as n,m — > oo, HT^H^y — > as « — » oo 

Proof. (i) Since, for fixed s, \\F\\ PtS < \\F\\ p ^ s > if p' > p, it is enough 
to prove 

117%,, < \\F\\ p , s , for s' > s. 
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To prove this, it is sufficient to show that for a > o, 



\\{I-Ly a F\\ p <\\F\\ p \/FeP. 



We know that ||r f F|| p < \\F\\ p . From the Wiener-Chaos represen- 
tation for T t F and (7 - Ly a F, we have 



{l-LY a F = -i- f e-'t a - l T t Fdt. 




o 



Hence 



e-'f-'WT.FWpil 







< \\F\\ P 



which proves the result. 



25 (ii) Let G n - (I - L) s ' l2 F n eP. Therefore \\G n - G m \\ p , -> as n, m -> 
oo. Therefore, 3 GeL p , such that \\G„ - G\\ p > — > 0. But 

\\F n \\ p , s -» => ||(7 - Lfl^^GnWp -» 0. 

Enough to show G = 0. Let //£/>. Then (7 - Lf^'^HeP. 
Noting that P <zL q for every 1 < q < oo, we have 




w 



w 




w 



0. 



Since f is hence in L p V q, G = 0. 



□ 
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Definition 1.11. Let 1 < p < <x>, -oo < s < oo. Define D p ,, - the 
completion off by the norm || 

Fact. 1) B pfi = L p . 

2) Dp/,,, <^> B p ,, ifp<p',s< s'. 

Hence we have the following inclusions: 
Let o < a < {3,o < p < q < oo. Then 

B p fi <^> Bp,a ^>B po = L p <^> Bp -a B p -p 

o o o b 

D 9j s ^ D ?>a <^-» D ?)0 -L q ^> _ a ^ B q -p 



3) DwaZ of D„ ^ = D' - D a - S where — I — = 1, under the standard 26 

H ' p q 

identification (Z^X = ^2- 

This follows from the following facts: 

Let A - (I - L)~ s l 2 . Then the following maps are isometric isomor- 
phisms: 

A :L p -> D p ,, 
A :B q - s -> L q 

and hence 

A : {B p J -» L q 

is also an isometric isomorphism if — + - = 1 . 

P q 

Also, from the relation 

J F{w)G{w)p{dw) = JV - L) s/2 F(w)(I - Ly s/2 G(w)p(dw), 

w W 

it is easy to see that B q - S c (D p ,)', isometrically. 
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Definition 1.12. 

Deo = P Bp,, 
p,s 

B-oc = U PtS D p , s 
(Hence = C/D^ - D-*,.) 

r/jws Doo is a complete countably normed space and D_oo jj ito dual. 

Remark. Let S(R d ) be the Schwartz space of rapidly decreasing C°°- 
27 functions, s the (classical) Sobolev space obtained by completing 
S(R d ) by the norm 

Wf\\ p , s = \\(\x\ 2 -Ay' 2 f\\ p ,feS(R d ) 

where A denotes the Laplacian. Then it is well-known that 

Pi H PtS ~ ~ p h 2 , s 

p,s s 
Up, s Hp,s — — U s H 2s . 



Thus every element in f] H ps has a continuous modification, actu- 

p,s 

ally a C°° - modification. But in our case, the analogous results are not 
true. 

First, in our case, C] s H)2 yS + D M . Secondly, 3 FeDa, which has no 
continuous modification on W, as the following example shows. 

Example 1.3. Let W = Wl = {weC([0, 1] -» R 2 ),w(0) = 0}ju = P = 
2 - dim. Wiener measure. Let, for w = {w\,W2)eW, 



F(w) = - 



l 

1 ' 



J" wi(s)dw 2 (s) - J w 2 (s)dwi(s) 



(stochastic area of Levy) where the integrals are in the sense of Ito's 
stochastic integrals. 
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Then FeCi c D^. But F has no continuous modification: suppose 
3 F(w), continuous and such that F(w) = F(w) a.a. w(p). Let 



F(w) = X - 



i 

f 



(wi(s)w 2 (s) - w 2 {s)w\{s))ds 



for weC 2 ([0, 1] — > R 2 ). Note that F has no continuous extension to W 2 . 28 
On the other hand, we have the following fact: For 6 > o, 



as 



•{|F( W )-#(0|<«5|||w-0||<e}- 
e i o, V (f>eC 2 o ([0, 1] -» R 2 ). 



1 



Hence 



F = Fori C 2 ([0, 1] -» R 2 ), a contradiction. 



Definition 1.13. Le? FeP. Then 



D k F{w)eW* ®---®W* 



K times 

and we define the Hilbert-Schmidt norm ofD k F(w) as 

CO 

\D k F(w)\ 2 HS = £ {D k F(w)[h h ,...,h ik ]f 

h,..Jk=o 

where {fy}^ is an ONB in H. 

Remark. 1) The definition is independent of the ONB chosen. 
2) If k = 1, then \DF(w)\ 2 HS = \DF[w]\ 2 H . 

Theorem 1.8 (Meyer). For 1 < p < co,keZ + , there exist A p ^ > a p ^ > 
such that 

a p , k \\\D k F\ HS \\ p < \\F\\ Ptk < A pJc (\\F\\ P + \\\D k F\ HS \\ p ) (1.5) 



for every FeP. 
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1 . Calculus of Wiener Functional 



Before proving this result, let us consider the analogous result in 
classical analysis, which can be stated as: 

For 1 < p < oo, there exists ci p > such that 

apll ~£d7 llp ~ l|A/llp ' v feS(Rd) > (L6) 

where S(R d ) denotes the Schwartz class of C°° - rapidly decreasing 
functions. 



Proof of O Let p = 2, then 

dxjdxj 



-l-"2 = \\ggjf<g)\\2, where /(f) = J e^ x f(x)dx 



< C p \m 2 ffiWj 
= C p \\Af\\ 2 . 

For the general case, we need Calderon-Zygmund theory of sin- 
gular integrals or Littlewood-Paley inequalities. We here consider the 
Littlewood-Paley inequalities. 

Consider the semigroups P, and Q t defined as follows: 

Pt = e tA , 

i.e., (P t fj{0 = e-tff®, feS(Mf') 

and Q t = e- t{ - A)U1 

i.e., {Q t m) = e- m mJeS{R d ) 

where f(g) = J e^ x f{x)dx. 

The transition from P t to Q t is called subordination ofBochner and 
is given by 



Qt = f P s fi t (ds) 

o 
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■y/It 



where /j t is defined as 

oo 

J e- As n t (ds) = e 

o 

Note that Q t can also be expressed as 

C " ! = /(l + |y|2)(rf + D/2*'- 



where 



Now, we define Littlewood-Paley functions Gf and G/ — >, feS(M. d ) 



as: 



and 



J * |l | Gr/WI 2 + 2 G tf(x)\ 2 1 A 

CO 



1/2 



G/-0c) = 



Fact. (Littlewood-Paley Inequalities): For 1 < p < oo,3o < a p < A p 
such that 

a p \\G f (x)\\ p < \\f\\ p < A p \\G r (x)\\ P , V feS(R d ). (1.7) 
Define the operator Rj by 31 

(fyfltf) = |/(£) 

/?y is called the /fr'esz transformation. In particular, when J = 1, it is 
called Hilbert transform. It is clear that 



d 2 



dxjdxj 



f(x) = RiRjAf(x). 
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Fact. For 1 <p<oo,3o<a p <oo such that 

a p \\Rjf\\ P < \\f\\ p . (1.8) 
Note that (11.61) follows from d 1 . 8I >- Hence we prove d 1 . 8I >- We have 

(RjQtfW = %e~^m 
= (QtRjfW- 



Also 



Hence we get 



G -» <G f , 
Rjf 



which gives ( 11.81 ). by using Now, we come to Meyer's theorem. 
Proof of theorem 1.8. 

Step 1. Using the - U semigroup T t , we define Q t by 



Qr 



CO 

I Ts>lt 



(ds) 



where 



oo 



((is) - e 



Note that 



FeP, we define Gp and ^ as follows: 



Gpiyv) = 



oo 

r d 

J ,( * a 



1/2 



F(w)ydt 
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and 



ifr F (w) 



oo 

J {T t (< DT t F,DT t F >]f )(w)) 2 dt 



1/2 



Then the following are true: 

For 1 < p < oo, 3 o < c p < C p < oo such that 

c P W\\ p < \\G F \\p < C p \\F\\p, 
c p \\F\\p < \\ifr F \\ p < Cp\\F\\p, V FeP such that J D F = 0. 

Proof. Omitted. 



(1.9) 
□ 



Step 2 (An L p -multiplier theorem). A linear operator 7^ : f — > V is 
said to be given by a multiplier (f> - ((f>(n)), if 



T^F = J] <f>(. n ) J nF> V FeP. 



Note that the operators T t , Q t and L are given by the multipliers 33 
e nt , e~ and (—ri) respectively. 

Fact. (Meyer-Shigekawa): If (f>{n) - £ — , a > o for n > n Q for 



k=o \n 



k=o 



1 



some « a«<i £ |<3/t| I — I < oo, f/jen 3 c„ smc/i #ia/ 



ll^llp < Cp||F||p, V FeP. 



(1.10) 



Note that the hypothesis in the above fact is equivalent to: there 
exists h(x) analytic, i.e., h(x) = £ a^, near zero such that 

(f>(n) - hi— J torn > n a . 



Proof of dl.lOt : First, we consider the case a - 1. We have 



n„-\ 
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= r (D + r (2)_ 

We know that Ty is L^-bounded as a consequence of hyper con- 



tractivity, i.e., 

\\T (1) F\\ p < c p \\F\\ p . 
Hence it is enough to show that 



\\TfF\\ < c p \\F\\ p . 



Claim: \\T,(I -J ~h Jn -\W\\ P < Ce^WW,. (1.11) 

Let p > 2. Choose t such that p = e 2 '° + 1. Then by Nelson's 
theorem, 

\\T to T t {I-J -h J„ -i)F\\ 2 p 

< \\T t (I -J -J! Jn B -i)F\\l 



= || £ e- nt J n F\\ 

n=n 

CO 

= 2 ^ 2 "°'||/„F|| 



2 
2 

< e- 2 "^\\F\t 



Therefore 

||7>(/ -J -h Jn B -i)F\\ p < Ce-'^WFW, 

where C = e n °'°. 



For 1 < p < 2, the result (11.111) follows by duality. Define 



CO 



/?„ o = T t {l-J -J l / no -i)^. 







1.3. Sobolev Spaces over the Wiener Space 



From ( 11.111 ). we get 



\\R n F\\ p < C-\\F\\ p 



and it is clear that 



CO CO 

l\F = j j T,{I-J -J X J„ a -i)T s (I - J 

o o 

CO CO 

-ff T -< 



hs(J - Jo - Jl 



J n -\)Fdtds. 



Hence 



\\KF\\ p < C.-\\F\\ p 



and repeating this, we get 



\K o F\\ p < C.-A\F\\ p . 



Also, note that if FeC„, n>n 



RnF 



CO 

J T t J n 



Fdt 



and 



= ~J n F 

n 



R n„ F ~ ~T J nF- 



Therefore 



oo oo 



Hence 



n=n„ k=o 



WT^FWp < U 



WW 
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which gives the result. 

For the general case, i.e., o < a < 1, define 



Qf = ^ e-""'j n F = J T sf 4 a) 



(ds) 



where 



fe- A ^ ( ?\ds) = e- rt . 



o 

As in the case a = 1 , write 



= t[ 1] + ri 2) . 



In this case also, we see that T. is L p - bounded. Using dl.lll ). 
\\Q [ "\l-Jo-Jl Jn -\)F\\ p 



<cf \\F\\ p e- n ° s $\ds) 

o 

= Ce-" a o'\\F\\ p . 



Define 

CO 



and proceeding as in the case a = 1, we get that T, ) is also L p 
bounded. Hence the proof of dl.101 ). 

Remark. (Application of L p - Multiplier Theorem) 

Consider the semigroup {Q t }t> - For FeP, we have 



Q t F = Y j e-^ t J n F. 
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The generator C of this semigroup is given by 

oo 

CF = ^(-^)JnF,FeP. 

n=o 

If we define |||.||| A , for FeP by 

Hp,, = ||(/ - C) s F\\p, 1 < p < oo, -oo < s < oo 



where (/ - C) S F = £™ (7 + y/n) s J n F, then || \\ p<s is equivalent to \\\.\\\ P , S , 
V 1 < p < oo, -oo < s < oo. i.e., 3 a p , s , A p<s , o < a p , s < A p<s < oo s 
a p J\F\\\ p>s <\\F\\ p , s <A p J\F\\\ p , s . 

oo 

Proof. Let T^F - £ <p(n)J n F, FeP, where 

n=o 

<p(n) = — —= | , -oo < j < oo 

\ Vi 



+ n/ 

1/2N 



1+* 



II- 

n 



with = , which is analytic near the origin. □ 

\V(i+* 2 )/ 

i (iw ll2 \ 

Note that T7 l = TVi where ^\n) = = h~ x - with 

f f <f>(n) {\nj j 

h~ 1 (x) - also analytic near the origin. Thus both T<j> and T~ x are 37 

h(x) ' " v 

bounded operators on L p . Further, 

(/ - C) S F = (7 - L) S/ %F = r (7 - L) S/2 F 
and (7 - L) s/2 F = Tj\l- C) S F = T r i (7 - C) S F. 

Hence our result follows easily from the fact that 

\\T*F\\ P < C p \\F\\ p and \\T r ,F\\ p < C p \\F\\ p . 

To proceed further, we need the following inequality of Kchinchine. 
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Kchinchine's Inequality: Let (Q.,F,p) be a probability space. Let 
{y>n(oj)}m=\ b e a sequence of i.i.d. random variables on Q. with P(y m = 
1) - P(y m = -1) - 1/2, i.e., {y m (oS)} is a coin tossing sequence. 

a) If {a m } is a sequence of real numbers, then, V 1 < p < oo,3o < c p < 
C p < oo independent of {a m } such that 

\p/2 



< E 



Vm=l 



a mJm{oS)\ P 



v m=l 



\P/2 



(1.12) 



vn=l 



b) If {a m>m / } is a (double) sequence of real numbers, then, V 1 < p < 
oo, 3 o < c p < C p < oo independent of {a m>m '} such that 



' oo 

z 

\m,m' 



\P/2 



&m.m' 



CO CO 



,p/2 



< £ 



l^m^l m'=l 



\ a m,m' I 

\m,m=l 



\P/2 



(1.13) 



c) Let ((a mm >)) > o i.e., for any finite mi < w?2 < • • • < m„, the matrix 
{(amim,))\<i,j<n is positive definite. Then, Vl</?<oo,3o<C / ,< 
^ < oo independence of (a mm >) such that 

w>/2 IV W 2 1 



2> 



< E 



v i 



^ aijyi(co)yj(aj) 

< C p I ^ flfi 



(1.14) 



Step 3. (Extension ofL-P inequalities to sequence of functionals). 
Let F n e P , n - 1, 2, . . . wi^i / F„ - 0. Zften 

/ oo \ / oo \ 



IIV \J](Fn) 2 \\\ P <A' p H VG| n 



„ V 1 < /? < oo. 
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Proof. Let {y,(o>)} be a coin tossing sequence on a probability space 
(A F, P). □ 

Let^(<D, w) = Yji y(te)Fi(w), u> € Q.i,weW. 

We first consider the case when F n = 0, V n > N. (Hence the 
above sum is finite). Then the general case can be obtained by a limiting 
argument. By Kchinchine's inequality, 3 constants c p , C p independent 
of w such that 

\P/2 



( Y 
YjFiiWfl <E\X(to,w)\ p 

V i ) 



< c p 



YjFiiW) 2 



\P/2 



V =weW. 



Integrating w.r.t. yu, we get 

{ \l/2 



Cp\\ 



V i J 



\\ p p <e{\\X{u>,W)\\ 



p 
p 

1/2 



But by step^ we have 

Moj,.)\\ p <A p \\G x (co,.)\\ p Wco€Q. 



Now 



r ( ^ 

(G p(w ,.)) 2 - J" t j t Q t \Y 7i(co)Fi(.) 

. o 1 



dt 



where 



DO 



(1.15) 



(1.16) 
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Also 



t 2 

1 ' o 



Then Kchinchine's inequality (c) implies 

\p/2 



J]g f ,(W) 2 <£|G X (.,w)I p 
i ) 

<c p Wg f ,{w? 



where o < c p < C p < oo. 
Integrating over /u, we get 



c-HV 



ll£ < < C P ||V £g| (L17) 



V i / 



d!.15t . dl.l6l > and d!.17t together prove step [5] 

Step 4 (Commutation relations involving D). Let [ti)°° =l <zW <z H, {fy} 
an ONB in H. Let DjF =< DFJj >, for FeP. Then DiFeP, V i. 
Further, 

< DF,DF > H = J](D,F) 2 = \DF\j 



\hs- 



In fact, 



Let 



\ DkF \ 2 HS = 2 {D ik {F))---)) 2 . 
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CO 

?>+ = ^0(n + V)J n . 



Fact.Vi= 1,2,...,A7> = 7> + A. 

Proof. We have seen that the set j yfaH a (w),aeA^ is an ONB in L2. 
Therefore it suffices to prove 

DiT+Ha = 7> + D t H a , V aeA. □ 

If a = (a\ , ci2, ) with a,- > o, then let a(i) = (a\, aj,, . . . , a,_i, a, - 

1, di+i, . . .). From H a (w) - Y\H aj {ti{w)), it can be easily seen that 



DiH a = 



H a(i) if a,- > o 
if a,- = o 



Note that, if \a\ - n, 

TtpH a = <p(ri)H a (.-. tf a eC„) 

implies 

DiT(pH a = 4>(n)DiH a . 
If a,- > o, then D,// a = fl^,-) where \a(i)\ -n-\. Therefore 41 

DiT^Ha = <f>(n)H a(i) . 

If a, = 0, this relation still holds since both sides are zero. 
Corollary. T t DjF = e'D^F, V i and hence 

CO 



Step 5. Now we wse previous steps to get the final conclusion. 
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In the following c p , C p , a p , A p are all positive constants which may 
change in some cases, but which are all independent of the function F. 
1 < p < oo is given and fixed. First we shall prove 



c p \\ < DF,DF >]j 2 \\ p < \\CF\\ p < C p \\ < DF,DF >f \\ p (1.18) 



where 



C = lim^— -i-e., Cf = ^ (~ V") J n F. 



t-to t 

From corollary of step0J we have 



T t DiF = e'D,T,F, V FeP 



a/2 



implies 



1/2^ 



1/2 



1/2 



i.e 



T,V(< DF,DF >„) > e'V(< DT t F,DT t F > H ). 
Changing F by T f F, 

T ; (V(< DT t F,DT t F > H )) > e'V(< DT 2! F,DT 2t F > H ). 



Now 



, A 



n 1/2 



/ CO 



<DT t F,DT t F > H ))} dt 

1/2 



e zr < DT 2t F,DT 2t F > H dt\ 
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(oo \ 1/2 

J e< < DT,F,DT,F > H dt\ 



Therefore, by the Littlewood-Paley inequality (StepQ, 



I oo 

I 



1/2 



\\F\\ P >C P \\{ e' <DT t F,DT,F> H dt\ 



(1-19) 



Substituting T U F for F in ( 11.191 ). 

e ul2 \\T u F\\ p > C p \\ J e s < DT S F,DT S F > H ds^ 



1/2 



Therefore 

j e u \\T u F\\pdu > C p j e" l2 \\ if e s < DT S F, DT S F >„ ds 1 \\ p du 



1/2 



o V u 



>C,,\\ J e "' 2 ^f e s <DT s F,DT s F> H ds\ du\\ p 

> C p \\ Ijdsj e" l2 T tuSs] du x e !/2 V(< DT S F, DT,F > H ) 

V o 

= C p \\ | J [2(e s - e !/2 )V(< DT S F, DT,F > H )f <fa| || p 
J e- s < DT S F, DT S F > H ds 

OO 

/' 



> 2C 



< DT S F, DT S F > H ds 



Hence by (11.19b . 



e 2s < DT S F, DT S F > H ds 



1/2 



CO 

<d p \\F\\ p +A p f e u \\T u F\\ p du. 
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By stepEJ we know that if ||(/ + = 0, then 

\\T u F\\ p < C p e- 2u \\F\\ p . 
Therefore, if (J () + J\)F = 0, 



Ioo \ 1/2 

J e 2s < DT S F, DT S F > H ds \\ p . (1.20) 

Suppose FeP satisfies (J + J{)F = 0. By step [3] 

( co \ 1/2 



<DF,DF \\ p = \\\Y J (D i F) 2{ 



< 



C p |||g(G A .F) 2 J 

Ioo °° 
|] J t(j t Q t DiFfdt 



1/2 

1/2 



IP- 



(*) 



By stepHJ 

Q t DjF = DiQ t F where <2,F - 2 e'^'^Jn implying 



|w = a(5&) = A&crf 

oo 

where RF = Y J(l - -)J„F. 

Hence 

/ oo 1/2 

(*) =C P \\ If t < DQ t CRF, DQ t CRF ># dt\ \\ p (**) 
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44 since 



Q, = J fi t (ds)e s T s , 



< DQ t CRF, DQ t CRF >\j 2 

CO 

< J n t (ds)e s < DT S CRF, DT S CRF >^ /2 ds 



t i t (ds)e 2s < DT S CRF, DT S CRF > H ds 



1/2 



Since 



(ds)dt = 



CO CO 



follows from J | te As ji t {ds)dt = — 



we have 



1/2 



(**)<C„|N I e 2s < DT S CRF,DT S CRF > H ds\ 



< C P \\CRF\\ P < C P \\CF\\ P 

(by OOt and since RC = CR and \\R\\ p < oo.) 

Hence we have obtained 

|| < DF,DF > H \\ p < Cp\\CF\\p if (/„ + J OF = 0. 

For FeC © Ci, it is easy to verify directly that 

|| < DF,DF >f \\ p <Cp\\CF\\p. 

Hence we have proved 



< DF,DF >jf \\p < Cp\\CF\\p, V FdP. (1.21) 
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The converse inequality of dl.21t can be proved by the following 
duality arguments: we have for F, GeP, 
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| J CF.GdA = | J 

w 



CF.Gd/u\ = | CF(I - J )Gdfi\ 



f 

v w 



CFd/u = 



- | J CF.CGdp\ [G = C _1 (/ - Jo)G] 



w 



J C 2 F.Gd!i\ = | J <LF,G>dn\ 



< DF,G > H d±i\ 



■:< DF, G >h 



X - \h{FG) - LF.G - F.LG) and J LF = V FeP 

w 

J \DF\ H \DG\Hdfi 



< || \DF\ H U\ \DG\ h \\J- + - = 1 



\P <7 

< C q \\ \DF\ H \\ p \\ \CG\\ q by OD 
- C q \\ \DF\ H \\ p \\(I - J )G\\ q 

< a q \\ \DF\ H \\ p \\G\\ q . 



Hence taking the supremum w.r.t. < 1, we have ||CF||p < 

a p \\ \DF\n\\p. The proof of (I1.18t is complete. 
Now we shall prove that 



\\D k F\ HS \\ p <C p \\C k F\\ p M FeP 



(1.22) 



\D k F\ HS \\ p < C' p \\C k F\\ p V FeP if (J + J { + • • • J k - X )F = (1.23) 
Then, since 



C P \\(I - C) s F\\ p < C' p \\(I - LY l2 F\\ p < C;\\{I - C) s F\\ p 
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and 



a P \\C k F\\ p < ||(7 - C) k F\\ p + \\F\\ p , 



Theorem 1 1 1 8l follows at once. 

Proof of 021 : (By induction). Suppose fT25b holds for 1, 2, ... k. Let 46 

{ym{w)} me ^k be coin tossing sequence indexed by m - . . . , j^)eN* 

on some probability space (Q, F, P). Let D m = D, 2 • • • Dj k . Then 

l^lls = Z {D '" F)2 " 
X(w) = 2] 7m{oS)D m F. 

meN* 

= ^] y m {u))DiD m F 

meN* 

= 2] y m (u)CD m F. 



Set 



Then 



and 

we know that, by (i), 

/ DO 

Therefore 



M=l 



, p < Cp||CX(a>)|| p V w. 



Therefore, by step [3] 

£ j|l2(D ; -X(^)) 2 ||£| >a p ||V YS DiDmF) 
\ i ) \ i,m 

= a p \\\D k+1 F\ HS \\ p p . 



(1.24) 



(1.25) 
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On the other hand, by step [51 
E\\CX(oS)\\ P P = E\\ J] y m (co)(CD m F)\\ 

meN k 

< C p \\ J] (CD m F) 2 
= C p \\ J] (D m CR k Ff 



V(l - 

n 



n=k 

= CJ| |D*C/? Jt F| //s |' p 



up 



< A p ||C fc+1 ^F||^ (by induction hypothesis) 

< A;||C* +1 F||£ ||/y p < a p by stepEJ. 



This together with d 1.241 ) and dl.25l > proves that 

II \D k+1 F\ HS \\ p <C p \\C k+1 F\\ p 

i.e., ( 1 1.221 ) holds for & + 1 and the proof of ( 1 1.221 ) is complete. dl.23t can 
be proved in a similar manner. 

Corollary to Theorem 1.8. Let FeD p k , 1 < p < oo, &eZ + ; 
D e FeL 2 {W -> fl 8 *) are defined for I = 6, 1, ... it, w/jere 

= // ® • • • ® // 
s - 

{-times 

is the Hilbert space of all continuous ^-multilinear forms on H g> • ■ • ® H 

(-times 

with Hilbert-Schmidt norm. Note that H®° = R and H® 1 - H. 

48 Proof. For FeDpj^, 3 F n eP 3 \\F„ - F\\ p ^ — > which implies {F n } is 
Cauchy in Dnj. Hence using Meyer's theorem, we get 

|| \D c F n - D e F m \ HS \\ < C\\F n - F m \\ P ,k -» 

which gives the result. □ 
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Recall that if FeP » then 

w 

n * 

F(w) = £ Fi(w)£i for some n, l^W and FjeP. 
For 



define 



and 



F(W)Y,F i (w)£ i eP :v , 

i=\ 

n 

LF(w) = J] LFi{w)li 

i=\ 
n 

(1 - LY /2 F(w) = £(1 - Lyl 2 Fi{w)ti. 

i=\ 

For 1 < p < oo and -oo, s < oo, define the norms on by 

||F||* = \\\(I-Ly /2 F i (w)\ H \\ p . 

Let D H p, s denote completion of f^w.r.t. the norm \\.\\^ s . It is clear 
that D^ v c L p {W H) for s > and in fact D^ = L p (W H). 

Proposition 1.9. The operator D : V — > caw Z?e extended as a 

continuous operator from D p , s+ i ?o Dp s for every 1 < p < oo, -oo < 5 < 
00. 

Proo/ Let {£} cffbea 6WB in H and Fe-P. Now 

/ CO 

|(7 - LY I2 DF\ H = £[(/- L)' S/2 D,F] 
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.1/2 



□ 



.(=1 



Using step 0] above, we get 



\(I-L) sl2 DF\ H 



00 CO ^,^2 

^(W-L)^} 2 where* ^(^J /, 

/= 1 / 1=1 



Vi=l ' 

= |Dfl(7 - L)* /2 F| ff . 
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Therefore 

1 1(7 - L) sl2 DF\ H \\ p = || \DRI - L) sl2 F\ H \\ p 

< C P \\R(I - L) (s+1)/2 F\\ p (by Meyer's theorem) 

< C' p \\(I - L) {s+l)l2 F\\ p (by L p multiplier theorem) 

= c;iifii p ,, +1 . 



i.e., \\DF\\» S < C p \\F\\ p<s+1 

from which the result follows by a limiting argument. □ 

From the above proposition, it follows that we can define the dual 
map D* of D, as a continuous operator 

D* : (D PtS Y 0V +i )' 
i.e., D* : s+l -> D p>iS , 1 < p < oo, -oo < s < oo. 

50 And we know that for FeP, D*F - -6F. Hence we have the fol- 

lowing corollary. 

Corollary. 6 : V ^ — > f can be extended as a continuous operator from 
Dp s+1 — > "Dp^for every 1 < p < oo, -oo < s < oo. 

Proposition 1.10. Let FeBp^ k ,GeB q ^ k {B^ k )fork€Z + , \ < p,q < oo and 

let 1 < r < oo, swc/i ?/ia? — I — = -. Then FGeD r u (resp. D H J and 

p q r - r,K 

3 Cp^k > such that 

\\FG\y < C Myk \\F\\ P ,k\\G\\ q ,k 
( resp. \\FG\\» k < C M>fc ||F|| M ||G||^). 

Proof. Let F, GeP; then we have 

D{FG) = F.DG + G.DF 

Therefore 

\D[FG]\ H < \F\\DG\ H + |G||DF| ff . 



1.3. Sobolev Spaces over the Wiener Space 



43 



Similarly 



D 2 FG = FD 2 G + 2DF ®DG + G.D 2 F 



and \D 2 FG\hs < W\\D 2 G\ m + 2\DF\ H \DG\ H + \G\\D 2 F\ HS . 



In this way, we obtain for every k-l,2,..., 
k Ik \l k 

£ \D 1 {FG)\hs <C k \ d1f \hs l ° eGlHS 



e=o 



\t=o 



Applying Holder's inequality, we get 

k k 



| Y \D £ (FG)\ HS \\ r < C k \\ Y \D e F\ HS \\ p .\\ Y \D e G\ HS \ 



1=0 



1=0 



1=0 



Then the result follows by using Meyer's theorem. And the case GeD^ k 51 
follows by similar arguments. 

Corollary, (i) Boo is an algebra and the map 

Boo x Boo3 (F,G) -» FGeBoo 

is continuous. 

(ii) 7/F6Boo,G6B2 - n^>p, s > then FGeB^ and the map (F,G) -» 

p,s 

FG is continuous. 
Hence we see that Boo is a nice space in the sense that 



L 
D 

6 



)oo — > Boo is continuous 

)oo — > B^ 



is continuous 



is continuous 



Propositionl.il. (i) Suppose feC°°(M. n ), tempered and F\,Fi, 
...,F n dDoo; then F = f{F x ,F 2 ,..., F„)eBoo and 



44 
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n 



(a) DF=Zdif(F u F 2 ,..., 



F n ).DFi 



n 



(b) LF= didjf(F u F 2 ,..., 



F n )<DFi,DFj > H 



n 



+ Zdif(F u F 2 ,...,F n ).L(Fi). 



1=1 



(ii) For F, Gen 



and hence 



< DF,DG > H 



- {L(FG) - LF.G - F.LG] 
< DF,DG > H dDoo. 



52 (iii) IfF, G, JeDoo, then 

< D < DF, DF > H , DJ > H =< D 2 F, DG ® DJ > HS 

+ < D 2 G, DF <S> DJ > HS ■ 

(iv) IfFeD„,GeDF, then 



These formulas are easily proved first for polynomials and then gen- 
eralized as above by standard limiting arguments. 

1.4 Composites of Wiener Functionals and 
Schwartz Distributions 

For F - (F l ,F 2 , . . . , F d ) : W — > R d , we state two conditions which we 
shall refer to frequently. 



8{FG) =<DF,G> H +F.5G. 



In particular, if F, GeDoo then 



5{F.DG) =< DF,DG > H +F.LG. 



F'eBooJ - 1,2, ...d 



(A.l) 
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Setting 

cr ij =< DF\DF j > H tDoo, J (det o-)~ p (w)dfi(w) <ooVl<p<oo. 

(A.2) 

We note that ((cry)) > 0. 

Lemma 1. Let F : W -» R rf raft's/)- (CO W (EOl . 77z<?« y - cr^dD*, 
and 

Dy ij = _ £ ^Do". 
k,e=i 

Proof. Let e > 0. Let 

- o^wO+edy > (i.e., positive definite). □ 

Then it can be easily seen that if y e = cr" 1 , then 3 /eC°°(]R rf2 ) 9 53 
y; / (u)-/(,r; / (vr)). 

Then by proposition dl.lU . since cr ! /eDco,7e dDoo. Further, it fol- 
lows from the dominated convergence theorem that y^ — > y'- 7 in L p V 1 < 
/? < oo. 

Next we show that D k y^eL p {W -> H® k ) V 1 < p < oo. Hence, by 
Meyer's theorem, ydD A * V 1 < /;> < oo and V &eZ + implying yeDoo. We 
have 

y 

Therefore 

j 

d 

implies Dy^' = - ^ Ye^Do^. 

k,l=\ 

Similarly, we get 

D^J = - J y e .y e • • • y e D mi (T £ ® • • • ® D m *cr e 
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where m\-\ vm^ = k and we have omitted superscripts in o~'J, etc. 

for simplicity. Therefore, since 

y'J -> y' J in L p , 

D k y'J -> y-y • ■ ■ y° m ® • • • ® D mk o- 



m 

implies 



L p (w -> H m ), V 1 < p < 



D k y'j Y^y-y- jD m o-® • • • <g> D mk o-eL p (W -> #®*).V 1 < p < oo. 

54 Lemma 2. Let F : W -> R d satisfy (CO and (CO) . 

1) Then, V GeBoo and V / = 1,2,... <i.3 ^■(G)eD 00 which depends lin- 
early on G and satisfies 



J (d i( p F).Gp(dw) = J o F).Z,(G)^, 

V £5 (R rf ). Furthermore, for any \ < r < q < oo, 

sup ||/;(G)|| r < oo. 

l|G|| 9 ,i<l 



(1.26) 



(1.27) 



Hence M.26\ and M.27\ hold for every Gel 



2) Similarly, for any GeDoo, and 1 < i\,i2, • • • - d,keN,3 ..., t 
(G)eDco which depends linearly on G 3 



J (<9;, . . . d h <poF).Gdp = J 
w w 



F).Gdp = J <t>oFl h . . . h (G)dp, V 0eS(R a ) 



and for 1 < r < q < oo, 



sup ||Z,i„A(G0llr < oo. 
I|G|| ? ,*<1 



(1.26) ' 

(1.27) ' 



Hence again (1.26)' and (1.27)' hold for every GeDqj. 



1.4. Composites of Wiener Functionate... 
Proof. Note that (poFeQ^ and 

d 

D(cf>oF) = ^] d i( f>oF ■ DF' 



(=1 



Therefore 



< D((f>oF),DF j > H = J] drfoF ■ & 



d 



i=i 

d 



and 



d^oF = ^ < DcpoF,DF i > H Y- 

7=1 



Hence 



w J- 1 w 

d „ 

= - Yj \ (<t>oF)S(y ij GDF j )diu 
7=1 w 



w 

Let 



UG) = - J 6{y ij GDF j ) 

7=1 

= - ^[< D(y ij G),DF j > H +y ij G.LF j ] 



7=1 

=-z 

7=1 



- J] GyV < Dcr ke ,DF j > +y ij < DG,DF j > H 

k,e=i 



+ y j GLF j 
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Therefore 



MG)\ < £ 

7=1 



\Yj iT^WDo^^.lGWDF^ 



+ \y ij \\DFi\ H \DG\ H + \y ij \\LFK\G\ 



Hence if p is such that - = — I — , then 
r p q 



i{G)\\ r < 

;'=i 



I Yj \\y ik y ie \\ DFi \n\Do- k %\\ P .\\G\\ q 



+11 lr ,7 ll^ ; 'l//ll P ll \DG\ H \\ q + || | r !7 l|L^'| \\ p .\\G\\ q 



Now taking supremum over ||G|| g + || |DG|#|| (y < 1, we get (11.27b . 
2) The proof is similar to that of (1) and we note that 

h...i k {G) = € ik [... [4 [€ h (G)]]...]. 

Let <peS - S(R d ), -oo < k < oo, where k is an integer. Let 



where 
Let 



life - 11(1 + W 2 - A)Vllc 

H/Hoo = SUp |/(X)|. 



s\\-\\T 2k = T 2k- 



Facts. (1) 5 c ... c T 2k c ... c T 2 c T = {fcont.J -> Oas 
\x\ oo} 

cl 2 c. r_ 2fc . 



(2) C\Tk = S 



1.4. Composites of Wiener Functional.. 
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(3) UT k = S'. 

k 

Theorem 1.12. Let F : W -> W 1 satisfy XaH and ( Q >- Let (peS o 
(poFeDoo). Then, V keN and V 1 < p < oo, 3 C^p > smc/j 
ll^ofllp,^ < C Pik \\(p\\T^ k far all cf>eS. 

Proof. Let ip = (1 + |x| 2 - Ay k <peS . Then for GeBoo, 3 ^(G^Doo such 
that 

J^[(l + \x\ 2 - A)VoF] .Gp(dw) = J ifjoF [n2k(G)]p(dw) 

w w 

i.e., J (poF.Gdp = j(l + \x\ 2 - ky k <poF.n 2 k{G)dp. □ 

w w 

Therefore ^ 57 

cj>oF.Gdp\ < IMIr_ a ll72*(G)||i. 

Let 

# - sup \\ri2k(G)\\i < 00, 

l|G||,,2t<l 

which follows easily from Lemma|2 Note that r]2k(G) has a similar ex- 
pression as ^...^(G) only with some more polynomials of F multiplied. 
Then taking supremum over ||G|| ?J 2* < 1 in the above inequality, we 

get 

UoF\\p,-2k < K.U\\ T _ 



-2* ■ 



Since we can take any q such that — = 1 < - < oo and — + — = 

r q p q 

\,p{\ < p < 00) can also be chosen arbitrarily. 

Corollary . We can uniquely extend <peS (M. d ) — > (poFeU^ as a con- 
tinuous linear mapping TeT-2k ~~ > T(F)eD p -2k far every keZ + and 
1 < p < 00. 

Indeed, the extension is given as follows: 

TeT-2k implies 3 <f> n S(M. d ) such that ||0„ - T\\j_ lk — > which implies 
{(p n ) is Cauchy in T-2k and hence, by Theorem II. 121 {<p n oF} is Cauchy 
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in I}„-2k, 1 < P < 00 and hence we let T(F) - lim tpnoF, limit being 

' n— >oo 

taken w.r.t. the norm || \\ p -2k- Note that T{F) is uniquely determined. 

Definition 1.14. T(F) is called the composite ofTeT^k and F satisfy- 
ing 14.71 ) and ( IA.2I ). /Vote ?/jaf, smce & zj arbitrary, we have defined the 
composite T(F)for every TeS'(M. d ) as an element in D_oo. 

Proposition 1.13. IfT = feC{R d ) = T c S'(R d ), then /(F) = foF; 
the usual composite of f and F. 

Proof. TeT Q implies there exists (j> n eS such that 

Un-f\\ To ^0. 

Obviously, we get \\(f>,,oF - foF\\ p — » for 1 < p < oo. Hence the result 
follows by definition of f(F). □ 

1.5 The Smoothness of Probability Laws 

Lemma 1. Let 8 y be the Dirac 5- function at yeM. d . 

d 

(i) 6 y eT-2m if and only ifm > —. 

d i 

(ii) ifm > —, then the map yeM. — > 6 y eT-2m is continuous. 



d 
2 

uously differentiate. 



(iii) ifm = 
uously 

Equivalently, 



+ 1 , keZ + , then yeW 1 — > 5 y el '-2m-2k is 2k times contin- 



yeW -> D a 8 y eT-2m-2k,aeW\a\ < 2k 

is continuous. 
Proof. Omitted. 



1.5. The Smoothness of Probability Laws 
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Corollary . Let F satisfy i4.il ) and 14.21 ) and m = 



+ l,keZ + ; then 



y — > (J y (F)eDp j _2m-2it « 2k times continuously differentiable for every 
1 < p < oo. In particular, we have the following: 
For every GeB q , 2m +2k 

< 6 y (F), G > eC 2k (R d ), where < 6 y (F), G > 

denote the canonical bilinear form which we may write roughly as 
<o>< /••).(/). 



Lemma 2. Let m 

support, then 



+ 1 and 1 < q < oo. If feC(R. d ) with compact 



f(y)<5 y F,G>dy = E> 1 (foF.G) 



for every GeD q ^ m - 
Proof. Let 

and x ( '^ = (—,—,... — ] where iieZ. 

' \2 n 2" 2") 



i\ i\ + 1 






id 


id + 1 




x . 


. X 






2" ' 2" 






2"' 


2" 



(ti) I 1 W 

Note that |A: | = I ^ I , where |.| denote the Lebesgue measure. For 
feC(R d ) with compact support, we have 

£ / (*! n) ) |Aj"V*, w ~» J Ax)6 x dx = f. 



Note that the above integral is T-2, n -valued and the integration is in 
the sense of Bochner and hence the convergence is in T-i m . Therefore, 
we have 

£ / (xf) |A["V*(F) foF in D p , 2m 
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for 1 < p < oo. In particular, 

<J]f(xf ) )\A ( i " ) \6 Xi (F),G>^E(foF.G) for every Gd\_ 2m . 



But 

< Yjfi*?) I^Mn G> ^ f /W < ^ G>dx\. 

hence the result. □ 

Theorem 1.14. Let F = (F\F 2 , . . . ,F d ) satisfy the conditions (CO 
and ( IA.2D . Le? m = + l,&eZ + and \ < q < oo. Set, for every 

GeT} q 2m+2k 

H F G (dx) = E"(G(w) : F(w)edx). 
Then n F G {x) has a density P F (x)eC 2k (R d ) and P F (x) =< 6 X (F),G >. 

Proof. Easily follows from Lemmaffl and Lemma|2 □ 
Remark. By the above theorem, we see that if G 



GeD 9i00 = p|D 9jk l <q<eo, 



k=0 

then fi G (dx) has a C°°- density. Further, if G = leDoo, then the probabil- 
ity law of F: 

p\{dx) = fi{w : F{x)edx\ 
61 has a C°° -density. But we have 

/ G {dx) = E^(G\F = x^idx). 

Hence 

p F (x) = E»(G\F = x)p F (x). 



Chapter 2 



Applications to Stochastic 
Differential Equations 



2.1 Solutions of Stochastic Differential Equations as 
Wiener Functionals 

From now on, we choose, as our basic abstract Wiener space (W, H,fi), 62 
the following r-dimensional Wiener space (cf. Ex. 11.11 . 
Let 

W = W r a = {weC[0, T] -> R r ),w(0) = 0} 
fi = P, the r-dimensional Wiener measure. 



H - 



heW r -h = {h a {t%__ 



h a absolutely continuous and 



T 

J h a (S) 2 ds < oo, a = 1,2... r -. 

o 
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2. Applications to Stochastic Differential Equations 



We define an inner product in H as follows: 

T 

r 



h,ti >h=Y_ 1 f h a {t)h' a {t)dt,h',heH. 



With this inner product, H c W is a Hilbert space. Further W c 
//* = // c W is given as follows: 



w = h eH: { = i e*(t)y a=l ,nt) 



and l a is a right continuous function of bounded variation on [0, T] such 
that^(r) = 0,a = l,...r}. 

If weW, then 



At) 

and for t eW, heH, 



m = ~Yt f h a {t)dUt) 

a=l J 
r T 

= z r 

or=l ^ 



0)<& =< >// 



Let = the completion of the cr-algebras on W r generated by 

(w a (s)), 0<s<t. 

Stochastic Integrals: Let <f> a (t, w) be jointly measurable in (t, w),B t 
adapted and 

T 

, w)dt < oo a.s. 
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Then it is well known that the stochastic integral 

t 

J Ms, w)dW^ (W?(w) = w a (t), a = \,2,...,r) 



o 

is a continuous local martingale. 

Ito process: A continuous B r adapted process of the form 

t t 

o 

where 

i) <p a (t, w) is B r adapted, jointly measurable with 

T 

, w)dt < oo a.s. 



r ' 1 

6 = £, + 2 I <p a (s,w)dW a s + I <p (s,w)ds 

a=l J „ "A 



ii) <p (t, w) is B r adapted, jointly measurable with 

T 

J \(f>o(s,w)\ds < oo a.s. 

o 

is called an Ito process. 64 



Straton ovitch Integral: Let (f> a (t, w) be an Ito process. Then <p a is of 
the form 

r ' ' 

(f> a (t, w) = <f> a (o, w) + ^ I Z a ,p(s, w)dW^ + I E^S, 

8=1 ^ ^ 

H o o 

Then the Stratonovitch integral of <f> a w.r.t W a , denoted by 

t 

J Ms,w)odw: 
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is defined as follows: 

t t t 

J 4> a (s,w)odW? = J a (s,w)dW: + E a , a (s,w)ds. 

o o o 

ltd Formula: Let % t - (g' t , . . . , £f ) be a J-dimensional Ito process, 

r ' ' 

£ = £ + Z f 4> l a(s, W )dW« + f ftp, W)ds, \<i<d. 



i.e., 



1) Let / : R d — > R d be a C 2 function. Then f(g t ) is an Ito process we 
have the Ito formula: 

• t 

a r p 

Mt) = Mo) + Z Z ( d if&W*( s > w ^ dw " 

1=1 o=i J 

a p 

+ Z diMMs,w)ds 

+ 2"ZZ f dljMsWi^Mds 

o=l i,/=l £ 

65 2) Suppose further that w), 1 < / < <i, 1 < a < r are Ito processes 
and set 

r t t 

it = io + Z / ^(-s.w^W? + J KMds, \<i<d. 

a=l o o 

Then, if / : R d -> R is C 3 , we have 
- firio) = Z Z f 
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t 

^ T di ^ (j]s ^ S ' W ^ ds ' 



+ 



Stochastic Differential Equations: Let cr l a (x), b\x) be functions of R d 
for i = 1, 2, . . . d, a = 1, . . . r satisfying the following assumptions: 

i) o-^b'eC^iM, 11 -> R) V i = 1, . . . d,a = 1, . . . r. 

ii) V fceN, d h d h ■ ■ ■ d ik o-' a , d h . . . d ik b l 

are bounded on R d . 
Then 

|<(jc)| < JT(1 + |x|), Vi=l,...d,a = l,...r, 
\b\x)\ <K(1 + \x\), Vi = l,...d. 

Consider the following 5 DE, 

dX t = o- a {X t )dWf + b(X t )dt, 
X = xeR d (2.1) 

which is equivalent to saying 

r ' t 

X\ = x i + ^ J cr i a {X s )dW^ + J b\X s )ds, i = \,...,d. 

Q ' =1 o o 

Then the following are true: There exists a unique solution X t - 66 
X(t, x,w) = X},... Xf of (JO) such that 

1) it, x) — » X(f, x, w) is continuous (a.a.w). 

2) V ? > 0, x — > X(t, x, w) is a diffeomorphism on M. d (a.a.w). 

3) V t > 0, jteR d ,X(f, x, )eU> V 1 < p < oo. 
Theorem 2.1. Lef t > 0, xeR d be fixed. Then 

X\ = X ! '(>, x, w)eDoo, V / = \,...,d. 
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To find an expression for < DX\, DXf >h> let 



Let also 



Then it can be shown that Y t is given by the following SDE: 

dY t = dcr a {X t ).Y t dW? + db{X t ).Y t dt 
Y„ = I 



(2.2) 



l. e. 



Y){t) = 4 + 22 f (dkO-^iX^YfodW? 

a=\ fc=l ~ 
• f 

+ 2 I (d&)(X s )Yfc)ds,i,j 
k=i -l 



= l,...,d. 



Fact. y,6L p Q^. =1 (rj(j)) 2 ) 1/2 eL„ V 1< p < oo. 
Also by considering the S DE 

dZ, = -Z t .dcr a {X t )dW? - Z t [db(X t ) - Y j (do- a .do- a )(X,)]dt (2.3) 



Z = I 



67 and using Ito's formula, we can easily see that d{Z t Y t ) = => = / 



i.e., 

Fact. Y; l eL p 



i.e., 



Z t = Y t 1 exists , V t. 



( d f 2 



eL p V 1 < < oo, 



since Z t eL p . 
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Theorem 2.2. For every t, < t < T and i,j= 1, . . . d, 

r U 

<DX' t ,DX J t >= J] (Y t Y; l o- a (X s )) l (YtY; l o- a (X s )yds 

a =l J 

where (Y t Y; l cr a (X s )y = £ ^(l^ 1 )*^)^,). 

Remark. The S.D.E (12. U is given in the Stratonovitch form as 

dX, - o- a {X t )odW? + b(X t )dt (2.1)' 
X = x 

where 

j r 

~b\x) = b\x) - 2 Z Z <W>)<4« 
and correspondingly, ( 12.21 ) and d2.3t are given equivalently as 



dY t = do- a (X t )Y t odW? + db{X t )dt (2.2)' 
dZ t = -Z t do- a (X t )odW? + Z,db(Xt)dt. (2.3)' 

For the proof if theorem lXTl and theorem l2~2l we need the following: 68 

Lemma 1. Let X t be the solution of M.ll and a t = (a l t ) be a continuous 
B t adapted process. Suppose that % t = (£J) satisfies 

r 

dg t = J] do- a (X t )% t dW? + db(X t )£ t dt + a t dt 
to = 0. (2.4) 

Then 

t t 
6 = J Y t Y~ { a s ds = Y t J Y; l a s ds, 

o o 

where Y t is the solution of M.2\ . 
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t 

Proof. It is enough to verify that ij t = J Y t Y~ l a s ds satisfies (12.4ft . Now 



d^ t = d(f Y t Y' l a s ds) 



t 

= dY ; .J Y; l a 

o 
t 



ds + Y t Y t l a t dt 



dY t Y a s ds + a t dt. 







Using ( 12.2b . we get 

t 

o 

- do- a {X t )% t dW? + db{X t )Z t dt + a,dt; 
hence the lemma is proved. 

Formal Calculations: 

By definitions, 

DX'Ah] = —X\t,x,w + eh)\ £=0 >heH. 
oe 



But 



X\t, x, w + eh) = x + > , | o J a (X(s, x,w + eh))d{W a s + eti* s ) 



= X + Tjf ^ 

t 

+ J b'(X(s, x,w + eh))ds 



2.1. Solutions of Stochastic Differential Equations.... 
Hence 



r d p 

DX\[K\ = YjTj I d k o-i(X s )DX k s [h]dW° 



a=l 



t 



This is same as (12.41 1 with 

r 

Hence formally we have 

t 



Now, let for i - \,2,...d, 



77j,a (s) - [F ; y;V a (x,)]'' if ^ < ? 

- if s > 

For fixed s, < s < t < T, f]' t ' a , (s) satisfies the following: 

t 



j 
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2. Applications to Stochastic Differential Equations 



Note that this is same as ( I2.2t with initial condition cr' a (X s ). Now 

T 

DX\m =< rf t ,h > H = f ^' a (s)h a (s)ds 



where 77' (s) 



J i] [ ; a {u)dueH. 



Hence 



<DX\,DXI> H = J f [^FjV^ri^FjV^)]^. 



A rigorous proof is given by using approximating arguments. Let 

k k k + 1 

4>n{s) = — , if — < s < — — , n = 1,2... 

A: + 1 k k + 1 

and ^nis) = — — ,if— < s < — : — ,n- 0,1,2... 

■rii\ / 2 n 2" 2" 

Using 0„ and i//„, we write the corresponding approximating equa- 
tions of Q, O. <EB as 

= 8cr a (*« ) Y^dWf + db (x^) Y^dt (2.2)a 
r 
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63 



It is easily seen that |(2.1)a| has a unique solution X\ eS: the space 
of smooth functionals, and dX^ = Yf\ 
Further, 



t 




Then the theorem l2~2"l foilows from the approximating theorem. 

Theorem 2.3. Suppose, for xeW n , A(x) = (A J a (x))eW n <g> R r , B(x) = 
(_B\x))eR m satisfy 

\\A(x)\\ + \B(x)\ < K(l + \x\), 

\\A(x) - A(y)\\ + \B(x) - B(y)\ < K N \x -y\S \x\, \y\ < N. 



(a) Suppose a n {t), a(i) be R m -valued continuous B t adapted processes 
such that, for some 2 < p < oo, 



Also, 



Sup nJ E sup \a n (t)f +1 



< oo, 



o<t<T 



E sup \a n (t) - a(t)\ p — > as n -> oo 

o<t<T 



and let, for i = 1, . . . ,n, 




and 




then 



72 



E sup \^ n) (s)\ p <ooand 



o<s<T 
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sup \£ n \s)-f(s)\ p 

o<s<T 



as n — > oo. 



(b) Suppose a, uv (t), a v (t), te[v, T] are R m -valued continuous B t - adapted 
processes such that, for some 2 < p < oo, 



sup sup E 

n o<v<T 

sup E 

o<v<T 



sup |a„, v (f)l 

v<f<r 



< oo, 



sup \a ny (t) - a v (t)\ p 

v<t<T 



as n — > oo. 



Let 



4(0 = otft) + 



a=\ 



and 



# w (f) = < v (0 + J] f A;(^(0„(K + f B ! (^ n) ($„ 



V„(v)A/ 



iA„(v)A/ 



Then 



sup |#0)| p 



v<s<r 



< oo 



and 



sup |^ n) (j)-^ v (j)| p 
v<.v<r 



uniformly in v as « — > oo. 
73 Let X f = (Xj)^j satisfy dTTt . Let <r r - ((cr i; (0)) where 

<r iJ (t)=<DX i t ,Dxl> H . 



The problem now is to prove condition IA. 21 i.e., 

(det cr t y l eL p V 1 < p < oo. 

Let Y t satisfy A2.2I ). Then F f can be considered as an element of 
GL(d, R)- the group of real non-singular cf x <i matrices. Then (X/, 7,) € 
R d x GL(d, R). Let r, - (X,, F f ), which is determine by d2~Tt and d2~2l 



2.1. Solutions of Stochastic Differential Equations.... 

Definition 2.1. Let (a'(x)) d =1 be smooth functions on R d and L 
a\x)-^, the corresponding vector field on R d . Then for 

r = (x, e)eR d x GL(d, R) 
d 

we define f L (r) = ^(e -1 )^ (x)i - 1,2, ...d 

7=1 

and fdr) = (f l L (r))i v 



Let 



d d 
L a (x) = ^ o-' a (x)—a =1,2,..., 

i=l 

L (> (x) = J^biix)— 

i=l 



where hix) = V - \ £ £ <9*<(x)<r£( 

Proposition 2.4. Le? 



2 . 

A: a 



L = V a''(jc) — 
i 

Z>e anj smooth vector field on R d . Then, for i = 1,2, ... ,d, 



r ' t 

flirt) -/^0)-2 //[U]^>^ + / /[U](^ 
a=1 o 



i(r s )dW" 



o 

t 



where [L\, Lj\ = L\L2 - L2L1 is the commutator of L\ and 
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2. Applications to Stochastic Differential Equations 



Proof. f' L (r t ) = [Yf l a(X t )] 1 and we know that 

dY; 1 = -Y; l da a {X t )odWf - Y; l db(X t )dt 
and da(X t ) = da{X t )a a {X t )odW^ + da(X t )b(X t )dt 

where da{X t ) = {{^-.{X t ))). 

oxJ 

The proof now follows easily from the Ito formula. 
Remark. f La ( r s) = Y; l o- a (X s ). Therefore 



=< DX\,DX{ > H = £ f [Y t f La (r s )Y[Y t f La (r s )Vd S . 



Proposition 2.5. Let 



^/(w) = J] f ' f La (r s )fi a (r s )ds. 

a=li 



Then 



(&eto- t y l eL P , V1<P < oo /f(det o-^eLp V 1 < /? < oo. 



Proo/ <r f = Y t fr t Y* t implies dettr, = (det Y t ) 2 (detd- t ). 
We know that ||y ( ||, \\Y^ l \\eL P V 1 < p < oo, where 



o- = 



»l/2 



O-,; 



Hence, if /l?, j = 1, 2, . . . , d are the eigenvalues of Y t Y* then 



and 



(dety ? ) 2 = dety ? y; = A\---A 2 n 



\\Y t \? = Y,<y t Y* t e i ,e i > 



2.2. Existence of moments for a class of Wiener Functionals 
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- X\-\ \- a 2 , 

where (e,-)f =1 is an orthonormal basis in R d . Therefore 

(det Y t ) 2 < \\Y t f n . 

Similarly 

(det 17 1 ) 2 < wy; 1 ]] 2 ". 

Hence the result. □ 

2.2 Existence of moments for a class of Wiener 
Functionals 

Proposition 2.6. Let n > be a random variable on (CI, F, P). If, V N = 

2, 3, 4, . . . , 3 constants c\ , C2, C3 > ( independent ofN) such that 



1 

77 < 



then E[n p ] < 00, V p > 1. 
Proof. 



P[r,- l >N^]<e-^ NC \ 



E [n- p \ <l + ^E [tj- p : N C[ < rf x < (N + l) Cl ] 

N=l 

00 

< 1 + 2 C ^ P + ^(N + \f^e~ c ^ 



N=2 

< 00. 



□ 76 



Example 2.1. Let < t < T. Let 

t 

n - J \w(s)\ 7 ds; y > 0. 


Then we will prove that E[n~ p ] < 00, V 1 < P < 00. To prove this, 
we need a few lemmas. 
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2. Applications to Stochastic Differential Equations 



Lemma A . Let P be the Wiener measure on C([o, T] — > W). Then, 
V e > 0, < t < T3 C\ , C2 > and independent of e and t such that 



sup \w(s)\ < e 

Q<s<t 



tC2 

< Cie e 2 . 



Proof. ForXeR r ,|x| < 1, let 



u(t, x) — P 



max \w(s) + x\ < 1 

0<s<t 



77 



Then it well known that 

du 1 

— = -Awm {|x| < 1} 

u\ t =o = 1 
m| w= i = 0. 

Therefore, if A n ,<p n are the eigenvalues and eigenf unctions for the 
corresponding eigenvalue problem, then 



Also since {w(s 



i{t, x) = Y \e An, <p n (x) I <f>„ 
n J\y\<i 



»~M?) 



(y)dy. 



for every e > 0, 



SUp \w(s)\ < € 

0<s<t 



= P 



sup \w(s)\ < 1 



()<.«<- 



Lemma B. L<?? 



2.2. Existence of moments for a class of Wiener Functionals 
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Let 

r 

Y,\Ms,w)\ 2 < k,\iKs,w)\ < k. 

or=l 

a 

Then, V a > and < e < — , 3 c > 0, independent of a, e, and k 
such that 

-mi 

P{r a <e)<e * , 
where r a = inf{? : |£(f)| > a}. 

Proof. We know that we can write 

f(t) = B(A 1 (t))+A 2 (t) 

where 

t 



Al(0 = 2 f I^«(^W)| 2 ^. 
* =1 
f 

^2(0 = J ft(s,w)ds 



and is a 1 -dimensional Brownian motion with fi(0) = 0. □ 
Hence 

[\m > a} c [|B(A!(0)| > |} £/ {|A 2 (0l > ^} . 
Further |Ai(f)| <kti = 1,2, and if 78 
a£ /2 = inf{f:|2W|>!}, 

then 

{|fi(Ai(f))| > ^} c (A X (0 > crf /2 ) 
c (fe > crf /2 } 
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Therefore, if 



0<f< 2P 



P[T a <e]<p[cr B a/2 <ke} 

< p max \B(s)\ > ^ 



< 2P 



max B(s) > - 

0<S<k£ 2 



CO 

a/2 

< e — c.(a 2 /ke). 



<x 2 lkt) dx 



Ex. O (Solution): Let f be such < ? < T and for N = 2,3, . . ., define 



and 



Let 



o- 2( w(w) = inf : |w(0l > — 



crf(w) - 0-2/Ar(w)A^. 



Wi = \ w : cr 2 / N (w) < - \ , 



then, by lemma 1X1 we have < e C[N2 , for some constant ci inde- 

pendent of N. We denote the shifted path of w(t) as 

w + s it) = w(t + s). 
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Define 



t 1/n (w) = M\t: \w(t) - w(0)| > - 



2.2. Existence of moments for a class of Wiener Functionals 
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and let W 2 = jw : t w (w^) > p j . 

Note that if weWi n W2 then of = ct2/n- By strong Markov property 
of Brownian motion, we get 



P(W^ 2 )=P\ [ r l/N <- 

< e~ CiN (by lemma©. 

Define 

of (w) - erf + ri /A ,(w^)A^3 . 
From the definition, it follows that on W2, 

Clearly, if fe[of ,of], then \w(t)\ < — and if weW, n W 2 . then 
1 3 

— < \w(t)\ < — . Hence we have, for weW\ n Wo, 
N N 

n(w) = J \w(s)\ y ds > J \w(t)\ 7 dt 



f 1 F 



Now 



P{W\UW^) < e 



N 3 'N ¥ N 3+ y' 



Hence 

which gives, by proposition 12.41 that E(n~ p ) < 00 for every p > I. 80 
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ExamplelZHa): Let 

t 1 

j](w) = J~ e l w O)l r ds,0 <t<T,y> 0; 
o 

then E(n~ p ) < oo for all 1 < p < oo when y < 2, and for y > 2 there 
exists p such that E[n~ p ] = oo. 

Proof. Exercise. □ 
Example 2.2. Let 



n(w) = J J \w{s)\ y dW{s) 
o U 



dt, for < t < T 



fixed, then E[rj p ] < oo, for every 1 < p < oo. 



Proof. In example |2~T1 we have seen stopping times of and of satisfy- 

t 

iv 5 



ing; < of < of < ?,of - of = and 



|w(«)| < -, if K£ [of, of] 



Now, let 



w 2 = 



of 



By lemmalBl 



p(wf ) < ^- ClWC2 



2.2. Existence of moments for a class of Wiener Functionals 
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and we have seen that P(W~) < e CiNCl . Let 



6{s) 



s 

= J \w(u)\ 2y du. 



Then by representation theorem for martingales, there exists one- 81 
dimensional Brownian B(t) such that 



J \w{s)VdW s = B(6(t)). 
o 



For weW\ n W2, 



of 



v = J \B(6(t))\ 2 dt > J \B(6(t))\ 2 dt 







|fi(50l 2 <i# '(s) changing the variables 9{t) — > s 



|B(*)I 2 



> / |SWI 2 ( T ) ds 



0(of)+ 



1 /^2 r +3 



ds 



_ l d{9{u)) 
S ~ I \w{u)\ 2 y 



= / 



du 



i \w{0-\u))\ 2 y 



i.e 



e(of) 



(2.6) 
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To proceed further, we need the following lemma whose proof will 
be given later. 

Let I = [a,b] and for feL 2 (I) define 

/ = 7^— \ f{x)dx 
b-a J 
I 

and 

Vi(f) = -^— f (f(x)-f)dx 
b-a J 
l 

82 Vj has following properties: 

(i) W)>0 V/eL 2 (/) 

(ii) Vj /2 (f + g)< V l / 2 (f) + vj /2 (g) 

(iii) Vi(f) < f{f{x) - k) 2 dx for any constant k. 

b — a j 

Lemma C . Let B(t) be any one-dimensional Brownian motion on I - 
[0,a]. Then the random variable V[o, a ](B) satisfies: 



P \V[o,a}{B) < e 2 ] < V2e 2 7 e 2 , for every e,a>0. 
From (I2.6t . using the property (iii) of Vj, we get 

//V\ 2y t 

11 ~ (if V [eK)' e K)+'7(/V 2 r + 3)]( B )^T3 • 

Now let 

r t t 

W3 ~ { : 3W y [e(<).e(<)+'/(^ +3 )] (B) > 
Then by lemma0 we have, for sufficiently large m, 

<e- c ' NC \ 



2.2. Existence of moments for a class of Wiener Functionals 
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t 1 

Hence on Wi D Wo n W 3 , > — > — Now 

P{(W X nw 2 n w 3 ) c ) < P(W{) + P(W C 2 ) + P(W%) 

_ r N C l 

< e 6 . 

Hence by proposition 12.41 it follows that 

E[n~ p ] < oo, V 1 < p < oo. 

Proof of Lemma |Cj Using the scaling property of Brownian motion, 83 
we have 

aV [oM {B) ~ V M (B). 
Therefore, it is enough to prove that 

p[v [oA] (B)<e 2 }< V2e-^. 
For te[o, 1], we can write 



B(*) = ^0 + V2|] 



cos(2nkt) - 1 1 sin 2nkt 
& \ ( + % 



2tt£ 



where {^}, {77^} are i.i.d.N(o, 1) random variables. Therefore 
1 



5(0 - J B(s)ds = - ij ft + V2 |] 



cos 27r/c? sin 27T&? 



2mt 



2/r£ 



Note that the functions It — 5, sin 27T&?} are orthogonal to {cos 2nkt} 



in L [o, 1]. Therefore 



00 

^o,i](5) > 2> 2 x ^ 



A = l 



(2tT&) 2 



Hence 



E(e~ lz V )<E 
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=n 

< ^2e 



2 \-l/2 



1 + 



-z/4 



tt 2 A: 2 



V(-T-) 

V sin h z I 



Therefore 



P(V < e 2 ) < e 2z2£2 E(e~ 2z2v ) 
< ^e 2 ^, Vz. 



84 Taking z - ■— -, we get 

16e z 



P(V m] (B) < e 2 ) < ^e^^. 



Example 2.3. Let 



y t t 

m = m + 2 / ^ dw " + J tows 







and suppose 3 a sequence of stopping times cr Y , cr£, 
N = 2,3,..., such that < erf < erf < t and 



(ii) £ l£rCs)l 2 + < ci, V *e[of ,o£], 



(iii) P 



(iv) P 



^ _ ^ < _L 

2 1 ^3 



< e 



-C 2 N C 3 



O" 2 iV | 

/ KM 2 * * 



< g-C2^3 
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where c, > 0, i = 1, 2, 3, 4 are all independent of N. Let 



7/(0 = 7/(0) + J f(s)ds 
o 

of 

77- J |77(s)| 2 ^(> J |77(s)to. 

of 



and 



Then 77 ^Lp, V 1 < < 00. This follows from the estimate 3 C5 > 
0, C6 > 0, c~i > (all independent of TV) such that 



of 



< e 



To prove this, we need a few lemmas: 
Lemma D. Let 



y 1 1 
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SUp l£^)| 2 + < C. 



h<S<t2 



Then V < y < 5, 3 ci > 0, C2 > swc/i ?/W 



sup — j- — ^r- > N 

s,f,e[fl,f 2 ] V ~ S V 



Proof. Since we can always write 



<e~ ClNC2 ,N = 2,3,. 



78 



2. Applications to Stochastic Differential Equations 



where B(t) is a 1 -dimensional Wiener process, it is enough to prove the 
Lemma when f (f) = B{t). For weWL let 

s,te[0,T] \t~ s V 



Let 

W y = {weW r Q : \\w\\y < ooj . 

Then W y c WJ is a Banach space and if < y < 1/2, using the 
Kolmogorov-Prohorov theorem, it can be shown that P can be consid- 
ered as a probability measure on W y (cf. Ex. 11.21 with k(t, s) = tAs). 
Therefore by Fernique's theorem, 

E(e alM h < oo 

for some a > => E(e lM ^ )<0 °. Therefore 

P(\\w\\ 7 >N)< e~ N E[e M y] 
< e- Cim 

86 Lemma E . Let f(s) be continuous on [a,b] and let 

1/(0 - /(*)l 



- el 1/3 



\t- s 



a 

and J \f{0\ 2 dt > e 2 where e 3 < 2 2 k 3 {b - a) 512 . 



Let 



Then 



t 

g(t) - g(a) + J f(s)ds. 



1 e 11 

(b - a)V [aM (g) > 



2 9 .48 k 9 (b-a) 1+ ' 



9/2 ' 
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Proof. 3 t e[a, b] such that \f(t )\ > 



(b - afl 1 ' 

Therefore \f(s)\ > \f(t )\ - \f(t () ) - f(s)\ implies 



if \t -s\< 



2(b - a) 1 ' 2 ' ° ' ~ k^2\b - a?' 2 ' 
We denote by / the interval of length 

|/| = 



k 3 2\b - of I 2 



which is contained in [a, b] and is of the form [t , t a + |/|] or [t a - \I\, t a ]. 
Such / exists, since 

e 3 b - a 



m\b - dpi 2 ~ 2 ' 
Note that f(s) has constant sign in /. Therefore 

b 

(b 



(g(s)-g) 2 ds 



a)V[a,b](g) = J 1 
a 

I 

J (g^-ghfds. 



gfds 



> 



But we can always find t\el with g\I - g(h). Therefore 

\2 
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(b - a)V {aM {g) > J J f(u)du^ ds 



,-2 



(s - hYds 



> 



e 2 



4(b 



P) 
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1 e 2 
48 (b - a) 



Proof of ex. IP Let 



W2 = < sup — - r7r - < N ; 



W 3 = 



I 



#C 4 



Then by Lemma |D] and assumptions (iii) and (iv), we get 

P(w\ Uw c 2 U Wl) < e' aiNa \ ai >0,a 2 > 0. 

Hence, if weW\ n VK2 n by Lemma |EJ we can choose C5 > 
such that 



and since 



we have 



2 



< e 



-aiJV°2 
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Key Lemma: Let 77(f) = ?7(0)+27 =1 J J] a (s) dWf+ J rj {s)ds where n (t) 
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is also an Ito process given by 



r ' ' 

rj (t) = n o (0) + ^ I i] p(s)dwP + J n 00 (s)ds. 

P= l o o 

Suppose we have sequences of stopping times |<xf }, {<xf } such that 
< <xf < <xf < tfor < F < T, N = 2, 3, . . . and satisfying 

W <^ 2 °1 - ^3 ' 

(ii) P |trf - erf < pj < e- CliVC2 , 3 for some Ci, c 2 > 

(iii) 3 C3 > such that for a.a.w 

r r 
Wf)\ + \la(f)\ + |77 ^ WI - C3 

for every ?e [erf, erf ]. 

Then for any given C4 > o, 3 C5,C6,C7 > o (which depend only on 
ci,C2,C3,C4) such that 



<e- CfiA,C7 ,iV-2,3,.... 
Proo/ For simplicity, we take t - 1 . Let 

Wi = 

M*) - ?7o(j)l 



1 



Crf-crf = -L 



W 2 = 
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then, by the hypothesis (ii), (iii) and Lemma ID1 3 constants d\,di > 89 
such that 

P{W{ U W c 2 ) < e- dlNdl . (2.7) 
Now, by representation theorem, on [cry , cry/], rj(t) can be written as 



where 



77(0 = 7/(crf) + fl(A(0) + g(0 



(2.8) 



and fi(?) is one-dimensional Brownian motion with B(0) = 0. □ 
In Ex. 12.31 we obtained that, for every ai > 0, 3 ai > such that 



l 



c W[ U Wf U 



|ifo(f)f # < 



1 



(2.9) 



Let 



W 3 



Choose «3 such that c?3 > C4 + 1 , which implies 
' > — ,# = 2,3,... 



2N C * N a i 



Therefore 



W 3 c 



\r]o(t)\ dt > 



2N C * 



U 



A(of)>- 

V 2 / 9 A7 



2# C " 



CffyU W32 
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where 



W3.1 = 



In d2.9t . taking «i = C4, we get, 3 ci2 > such that 



90 



c U Wf . 



So, in particular, 



W 3 ,i n 



N" 2 



c W{ U Wf . 



(2.10) 



Let 



W 4 = 



" 2 



where 04 is some constant which will be chosen later. Then, for weW\ D 
W u 

V lfT N ^,(77) < f |j#)| 2 <fc < ^~ 

V 2 1 ) ^ 



i.e. 



Let 



W 5 



sup |S(m)| < — 



(2.11) 



0<I(<l/(/V n 3) 
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then, by LemmalXl 

P(W C 5 ) < d 3 e~ N , if a 3 > 2a 5 + 1. 
Now, for weW X \ n W 4 n Wi n W 5 , by d2~£l ). 



V 1/2 fe) < V 1/2 



„;,^W + ^] (B(AW)) 



l l 
< — - + 



(2.12) 



]\fa 5 /2 ]\fa 5 /2 

(by (12. 1H and definition ofW^and since, on 
[< 3( ^],0<A(0<^L) 



#05/2 ' 



Now choose 05 such that ^ J^l then 



1 



Hence 

W 3A n w 4 n iVi n 1V 5 c v^^fe) < 

which implies by (12. 10b that 

W 3 ,i n w 4 n Wi n w 5 c W[ u w|. 



^2 



Therefore 



W 3 ,i nW 4 cffU^U W 5 C . 



So choosing a 3 > C4 + 1, 03 > 2a$ + \,as > 2(«2 + 1) and a 4 > as + 3, 
we can conclude form (12.71) and (12.121) that 

P [Wf U W| U IV 5 C ] < e - ^ 5 , V N = 2,3, . . . . 

for some constants > and <is > and therefore 



P [W 3l i n W 4 ] < e' 



,VN = 2,3,.. 



(2.13) 
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Next we prove that n W4 is also contained in a set which is 
exponentially small, i.e., 

P(W X2 n W 4 ) <~ d6Ndl 

for some d& > 0, dj > 0. 

For weWi , we divide \cr^, <x^ J - 
vals of the same length viz. 



O-N fjN + J_ 



into subinter- 



Also, we choose m > 03. Then 

J |77(OI 2 ^ = J |77(<rf) + B(A(0) + g(OI 2 ^ 



,* = o,i,...Ar-i. 



(2.14) 



A(4) 



|where A(4) = 



1 jy3+m 



k+l 



" 7 / \rj(o^) + B(s) + g(A- 1 (s))\ 2 ds 

A(h) 
t 

=> <iA (j) = ; 

a{A-\s)) 



and a(s) = ^ M*)! 2 < c). 



Let 



A(tr * + -L-),A(o» + -£-) + — !— 



Note that /£j are of constant length. Then 
1 



Win 



|A(4)| > 
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c Win 



c Win 



J \7](t)\ 2 dt > ^ J \T^) + B(s) + giA-\ S ))\ 2 ds 



h 



by 2.14 



j \ri{t)\ 2 dt>^V Jk {B{.) + ~g) 



(where g = g{A l )) 



Win JTw^&^^K^-V^®) 2 



(2.15) 



Since 



8 = Jj] (s)ds and \tj (s)\ < c on [erf, erf] , 



- ^clA-^O-A- 1 ^)!. 



Therefore with 



v Jk (g) <— | \~g(t)-~ g (t Wdt 
Jk 



<-f 
141 J 

<A-,J A ( <+ * ) + 

1 \ A r3+m / N a3+m j \ jV 3+m / 



l (0-A- J fe)) 2 ^ 



<C 2 [crf + 



- (erf + -4— )]2( since c A(4)) 



Hence 



Wi n 



4 /2 ( s )>^.l^)l^ 



2c 



(2.16) 



(2.17) 
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c W,n f \{n)\ z dt > 



2 



>34 



by 2.15 and 2.16 



= WiH 



f 



\f](t) dt > 



Let 



Since 



N m -1 



w 6 = n 



k=o 



V}, /2 (B) > 
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2c 



N m -1 



A(ct£) = J] |A(/*)|,weWi n W 3 , 2 

1 



3 * 9 |A(4)| > 



Winw 3 ^cu^,-M|A(/ t )|> 



Therefore 



/v m -i 



W X n w 6 n w 3 , 2 c |J |[|A(4)| > ^ 

AT-l 

u 



v) /2 (fl) > — r— !> n Wi 
n Wiby 2.17 



2c 



*=0 



J woi 2 *> r 



n Wi. 



(2.18) 



Therefore, if we choose such that 



T7- < ~7t4 . = 2,3,..., 
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then ( I2.18t implies W\ D n VK 3i2 n W4 = 0, which implies W 3j2 nff 4 c 
Wf u W£. 



k 

< ^-^l/tlXPcXCA^^ y k (by Lemma @) 



= N m e - d 9 N6+2m ~ U3 ~ m 

< AT^e*^ (since m > a 3 ) 

< g-^o^ 11 (2.19) 
95 Choosing C5 = 04, (12. 13l > and (12.191 give us the required result 

2.3 Regularity of Transition Probabilities 

We are now going to obtain a sufficient condition for (IA.2t to be satisfied 
in the case of X t which is the solution to (I2.lt . 
We recall that 

d 



where 



Let 



L (x) = ^ cr l a (x)—., a= 1,2..., r 

i=\ 

d q 
i=l 

d\x) = b\x) -^Y dkO-^oiix). 



50 = {L\,L 2 , . . . ,L r } 

51 = {[L a ,L] : LeS o ,a = 0,l,...,r} 



S„ = {[L ff ,L] : LeS„_i,a = 0, 1 r} 



2.3. Regularity of Transition Probabilities 



Therefore 

=> 3 cc e{\,2, . . . r], aje{0, . . .r},i - 1 . . . n 

n 

such that 

L — \La n [• • • \J—'oz r i \Lct{ ■> ^a ]] • • •]• 

Let 

(L a ,L) := [L a ,L],a = 1,2... r 

i r 

(Lo,L) := [L ,L] + -^[L /? ,[L ;S ,L]]. 



Then we have 



r 1 1 

f[(r t )-f l L (ro) = Y J f fl La , L) (rs)dW? + f f^i^ds 





where f' L , r t etc. are as in proposition 2.3. Let 



then 



for some 
Let 



X' n ^{(L a ,L):LeX' n _ l }; 



implies 

n 

L = (La n > (^a„_i ' ' ' (Lai > ^a )) ' ' ' ) 

a o e{l,2,...,r},a ( e{0, ...,r},i = !,...,«. 



i^x;ui;u...ui:, 

S m = S U Ei U • • • U S m 
It is easy to see that the following two statements are equivalent: 
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(i) at xeR d , 3 M and A\, A 2 . . . , Ajetnf' such that Ai(jc), Azix) . . . 
Ad(x) are linearly independent. 

(ii) at xeR d , 3 M and A\,A 2 . . . ,Ad<&M such that A\{x), A 2 (x) . . . A<i(x) 
are linearly independent. 

Theorem 2.7. Suppose for xeM. d , 3 M > and A\,A 2 , . . ■ .A^eE^ such 
that A\{x),A 2 {x), . . . ,Ad(x) are independent. Then, for every t > 0, 

X t - (X\(t, x, w), X 2 (t, x, w), . . , , X d (t, x, w)), 

which is the solution of ( 12.71) . satisfies ( IA.2D and hence the probability 
law ofx(t, x, w) has C x '-density p(t, x,y). 

Remark 1. p(t, x,y) is the fundamental solution of 

u\t=o = f 

i.e., u(t, x) = J Kd p(t, x, y)f(y)dy. 

Remark 2. The general equation 

i£4 + L + c(.) 



du 
Hi 



K + L 



du 

Hi 



a=l 



u, where ceC™(M. d ) 



has also C°° -fundamental solution and is given by 

p(t, x, y) =< A y (X(t, x, w)), G(w) > 

98 where 

G{w) = efo^'^^eBoo. 

Remark 3. The hypothesis in the theorem 2.6 is equivalent to the fol- 
lowing: For xeD d , 3 M > such that 



inf V <A{x),e> 2 >0 



(2.20) 



where 



S d ' 1 = {leB a : \£\ = 1}. 



4 • i/i - 
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Proof of theorem 2.7. By d2.20t . 3 e Q > and bounded neighbourhood 
U(x) of x in R d , U(I d ) in GL(d, R) such that 

inf V < (e~ l A)(y),€ > 2 > e (2.21) 

Ae£ M / 

for every ye£/(jc) and eeU(Jd)- Let leS d ~ l and A be any vector field. 
Define 

jf(r)=<f A {r),e>, 

(cf. definition 12. Il l where <, > is the inner product in R d ; then we have 
the corresponding Ito formula as 

r t t 
Or=l 

o o 

where r ? = (7 f , Y t being the solution of i2. Q , (12.2ft respectively. 99 

Recall that 

r 

- Z f fL(r s )f[ a (r s )ds 

a=l J Q 

and by proposition 12.51 to prove the theorem, it is enough to prove that 
(det E~ 1 e)eL p for 1 < p < oo. Now 



< s- t £, i > = sjw, {={€\f,...j d ) 



Let Ae£ M /. Note that Ae^M' implies 3 n, < n < M and a,e 
{0, 1,2, . . . , r}, < j < n, a ± 0, such that 

A = La B ,a\,...,a„ ■ 
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Also note that the number of elements in J^ M > is 

M 



r(r + If = k(M)( say ). 



Define the stopping time o~ by 

o~ = inf [t : (X t , Y t ) t U(x) x U{I d )\ 
By lemmalBl for t > 0, we have 

Now in the Key lemma, set for ./V = 2, 3, ... , = and 



Then the following are satisfied: 



(i) 0<<<c^<f,af-< 



(ii) P(^-crf <^)<e^ 3 



(iii) If we set 

C= sup sup V \ff(r)f, 

kS d - [ reU(x)xU(I d ) f 

then for 

*K°?\. E KV)f<c< oo. 

For 

^.{oH-oi-JL}. 

by choice £/(x) x U(Id) and d2.21t . we have 
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^ij Z [f?(rs)]2dS - € °^ (2 " 22) 

w Ae± M , 

Choose y > such that 

1 > J_ 

k(M) N 3 ~ W 

For A - L ao ^ u ^ an eZ M , and leS d ~ l , define 

of 
of 

^ I [/ W ^ , ai ,...,^-, a (rv)] ^ > ^gr, = 1, 2, 3, . . . , n, 

where C n , C n -\, ...C are obtained applying Key Lemma successively 
as follows: 

Let C„ - y > 0. Then by Key Lemma, 3 C n -\,a n , b n such that 

P{W^)<e- a » N " n . 
Now again by Key Lemma, for given C„_i,3 C n -2,a n -\,b n -\ such 

that 

p(w*:\) < e ~ a "- iNb "- 1 . 

And proceeding like this, we see that given C\,3C„,a\,b\ such that 
P{W^)<e' aiNh . 

Hence we see that 

P(W*' { ) < e - aNb ' k=1 ' 2 >-' n ' 
where a = mm{ai}\<i< n ,b = minffc,} !<,■<„. 
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Note that C n , C„_i, . . . C and a, b are independent of i since they 
depend only on y, C and c\ . Let 



*=1 



and 



< e -0 "^" where W(^) - (J W A ' e . (2.23) 



From ( I2.22I ). for weWi, we get 



N AeT, M , 
' 1 



Hence 3 AeI.M' such that 



Hence if A = L~ ia ,. ..,„„ , 



2 , 1 



(2.24) 



Now suppose weWi nlV(/) c which implies w £ W, ' for every A£^ M 
and = 1, 2, , . . ,n. Then by definition of W^' e and by (12.241 1. it follows 
that 



"2 

s 



ds > 



NC„-l 
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and consequently 



4 

tf[f, 



^-'(Xo,(X\ „,.,ar„_j,CE 



(r,) 



J\fC„-t 



(2.25) 



And w £ W ' j together with (I2.25t gives 



Maf £ ,,ari,...,a„_2, 



2 , 1 

ds > 



]\[C„-2 ' 



Continuing like this, we get 



Now, let c = max{c o = C (A) : Then we have E«=i / 



[/l^ ( r *)] — j^?- Hence we have proved that for les d 1 and weWi D 
W(if, 3c > o (independent of €) such that 



We have 



Now let 



a=l J a 

1 l J = 2 f fL(rs)fi(r s )ds. 



(2.26) 



96 



2. Applications to Stochastic Differential Equations 



Note that 



z r i^m 2 ^ = z ^ w = e ^ ( say) - 



Also, deto-,- > det q > A d where A\ = inf £?(/), the smallest eigen- 
value of q. Hence to prove that cr~ l eL p , it is sufficient to prove that 
A, el.,,. I p. 

By definition of q'j, we see that 3 c' such that < p-. Therefore 



(2.27) 



Hence 3 l\ , fa, . . . l m such that 



where B(x, s) denotes ball around x with radius s. 

Also it can be seen that m < c"'N c ~^ d . Then, £eS d ~ l implies 3 4 
such that \i - 4| < ^r N c. Hence by STTfl 

\Q(l)-Q(h)\< 



2N C 



But for weWi n (rW(4) c ), 2(4) > 2F- Hence for 



weWi n (rW(4) c ), 2(0 > 



So 



inf Q(l) < — on W\ 
\c\=\ ^ v ' 2N C 



n ^(4) c 



V/t=l 



i.e., * > ionW^fc W*) c )- 
But we have 

P(W C { UW(£)) < e 



-ciN" 
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and hence 



i.e., 



U=l 

' m 

wfU \Jw(i k ) 



c „, N (c-3)d e -aN i ' 



< e 



which gives the result. 

A more general result is given below whose proof is similar to that 
of theorem E!71 



Theorem 2.8. Let 



Um(x) = inf 2 < A(x), I > 2 



Suppose for xeR. d , 3 M > and U(x), neighbourhood of x such that for 
every t>0 



U M (Xt) < i/or all te[0, IAt u(x) ] 



1 A- 1 asN —> oo for all k>0 



( where Tu( x ) = i n f{ ? : %t MU(x)}). 
Then the same conclusion of theorem 12. 7\ holds. 
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NOTES ON REFERENCES 

Malliavin calculus, a stochastic calculus of variation for Wiener 
functionals, has been introduced by Malliavin Q. It has been applied to 
regularity problem of heat equations in Malliavin [8|, Ikeda-Watanabe 
0, Stroock [16], [17], ITBI . The main material in Chapter is an in- 
troduction to the recent result of Kusuoka and Stroock on this line. In 
Chapter ^ we develop the Malliavin calculus following the line devel- 
oped by Shigekawa [13] and Meyer [10]. 

Chapter^ 

1.1. (a) For the theory of Gaussian measures on Banach spaces, Fer- 

nique's theorem and abstract Wiener spaces, cf Kuo 0. 

(b) That the support of a Gaussian measure on Banach space is 
a linear space can be found in Ito [4[. 

(c) For the details of Ex. 11.21 cf. Baxendale 0. 

1.2. (a) An interesting exposition on Ornstein Uhlenbeck semigroups 

and related topics can be found in Meyer [10]. 

(b) The hyper-contractivity of Ornstein Uhlenbeck semigroup 
(Theorem ll.3l > was obtained by Nelson [ Q). Cf. also Simon 
[14] and, for an interesting and simple probabilistic proof, 
Neveu IT2I . 

(c) For the fact stated in Def. 11.81 we refer to Kuo [ 5 ]. 

1.3. (a) For a general theory of countably normed linear spaces and 

their duals, we refer to Gelfand-Silov [2[. 

(b) For Ex. 11.31 details can be found in Ikeda-Watanabe [3], 
Chap. VI, Sections 6 and 8. Cf. also Stroock fl9l 

(c) Littlewood-Paley inequalities for a class of symmetric diffu- 
sion semigroups have been obtained by Meyer [ 9 ] as an ap- 
plication of Burkholder's inequalities for martingales, which 
include the inequalities il.71 and ( ll.9l l as special cases. Cf. 
also Meyer fTOll . An analytical approach to Littlewood- 
Paley theory can be seen in E.M. Stein fT51l 
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(d) L p multiplier theorem in Step |2 was given by Meyer. Proof 
here based on the hyper-contractivity is due to Shigekawa 
(in an unpublished note). 

(e) The proof of Theorem 1.9 given here is based on the hand- 
written manuscript of Meyer distributed in the seminars at 
Paris and Kyoto, cf, also Meyer fTUll. 

(f) The spaces of Sobolev-type for Wiener functionals were in- 
troduced by Shigekawa [13] and Stroock [16], cf. also [3]. 
By using the results of Meyer, they are more naturally and 
simply defined as we did in this lecture. 

1.4. (a) The composite of Wiener functionals and Schwartz distribu- 108 

tions was discussed in [21 1 for the purpose of justifying what 
is called "Donsker's 6 - functions", cf. also Kuo [5], [6|. 

1.5. (a) The result on the regularity of probability laws was first ob- 

tained by Malliavin (5). 



Chapter|2| 

2.1. (a) For the general theory of stochastic calculus; stochastic inte- 

grals, Ito processes and SDE's we refer to Ikeda-Watanabe 
0, Stroock (TJD and Varadhan 127)1. 

(b) For the proof of approximation theorem 1231 we refer to [3 1, 
chapter V, Lemma 2. 1 . 

2.2. The key lemma was first obtained, in a weaker form, by Malliavin 

Cf. also 0. The Key lemma in this form is due to Kusuoka 
and Stroock (cf. [ 1 8 1) where the idea in Ex. I2.3l plavs an important 
role. 
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